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Abstract
The Gross-Neveu model is a quantum field theory in two space time dimen-
sions that shares many features with quantum chromo dynamics. In this
thesis the continuum model and its discretized versions are reviewed and
a finite volume renormalization scheme is introduced and tested. Calcula-
tions in the limit of infinitely many fermion flavors as well as perturbative
computations are carried out. In extensive Monte-Carlo simulations of the
one flavor and the four flavor lattice models with Wilson fermions a set of
universal finite volume observables is calculated to a high precision. In the
one flavor model which is equivalent to the massless Thirring model the
continuum extrapolated Monte-Carlo results are confronted with an exact
solution of the model.
Keywords:
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Zusammenfassung
Bei dem Gross-Neveu Modell handelt es sich um eine in zwei Raumzeit-
Dimensionen formulierte Quantenfeldtheorie, die einige Gemeinsamkeiten
mit der Quantenchromodynamik aufweist. In der vorliegenden Arbeit wird
zunächst ein Überblick über das Kontinuumsmodell sowie über diskreti-
sierte Versionen gegeben. Ein Renormierungsschema wird eingeführt und
getestet. Berechnungen im Grenzwert unendlich vieler Fermionfamilien
und in Störungstheorie werden durchgeführt. In ausgiebigen Monte-Carlo
Simulationen der Modelle mit einer und vier Fermionfamilien wird eine
Reihe universeller Größen mit hoher Genauigkeit ermittelt. Simuliert wird
eine Gitterversion des Modells mit Wilson-Fermionen. Für das Modell mit
nur einer Fermionfamilie, welches zum masselosen Thirring-Modell äqui-
valent ist, werden die kontinuumsextrapolierten Ergebnisse mit einer ex-
akten Lösung dieses Modells konfrontiert.
Schlagwörter:
Gross-Neveu Modell, Monte-Carlo, Quantenfeldtheorie, Gitter
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There is a theory which states that if ever anyone discovers
exactly what the universe is for and why it is here, it will
instantly disappear and be replaced by something even
more bizarre and inexplicable.




The self-imposed goal of the physicist is to understand the underlying prin-
ciples of the natural world and to be able to describe them mathematically.
The mathematical model that has been developed in the second half of the
20th century in order to characterize the smallest known constituents of
matter and the interactions among them is called the standard model of
elementary particles. In this framework the relatively weak gravitational
forces are neglected, while the electromagnetic, weak and strong forces as
well as the miscellaneous elementary particles they act on are described
by quantum field theories (QFTs). With a relatively small number of only
29 free parameters as an input the model is able to predict the whole spec-
trum of high energy phenomena, including the complete Hadron-spectrum.
A vast amount of experimental data has been gathered over the last few
decades and found to be in excellent agreement with the theoretical model.
It is in general impossible to solve problems in interacting QFTs exactly.
Most calculations begin with some more or less justified approximations.
To describe processes that happen at very high energies, as they are for
instance realized in particle collider experiments, perturbation theory has
emerged as a very useful and accurate tool. To describe the physics of
strong interactions at lower energies where the involved coupling is rather
large, other (i.e. nonperturbative) tools are required.
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With the formulation of quantum chromo dynamics (QCD) on a space-
time lattice [82] Wilson established the base for numerical simulations of
quantum field theories. Unfortunately the Monte-Carlo methods that are
utilized for the calculations are computationally extremely demanding. In
fact, even though state of the art parallel supercomputers are utilized, it
has not been possible so far to perform full QCD simulations. Despite
considerable progress in algorithm efficiency and machine power, the most
recent computations take into consideration only the three lightest quarks,
run at unphysically large pion masses and on only moderately sized lat-
tices. Nevertheless an impressive number of outstanding results has been
achieved. The main fields of activity were so far the determination of the
hadron spectrum, glueball spectroscopy, the investigation of the structure
of hadrons (i.e. the calculation of structure functions), the running of the
QCD-coupling αS, the thermodynamics of QCD, the calculation of weak in-
teraction matrix elements and many more. Most recent results are annually
collected in the proceedings of the lattice conferences [39].
The high effort of realistic simulations makes the treatment of simpler,
often lower dimensional “toy”-models attractive. Some of these models
have a lot in common with QCD and can hence be used to study spe-
cial aspects of the much more complicated theory at least qualitatively.
The renormalizable two dimensional Gross-Neveu model [33] for instance
is asymptotically free, has a complicated bound-state spectrum and fea-
tures dynamical chiral symmetry breaking together with mass generation
in the limit of an infinite number of flavors (large N limit). The Schwinger
model [69] on the other hand is a two dimensional gauge theory which
exhibits confinement and develops a chiral condensate but which in con-
trast to QCD is super-renormalizable. Such two dimensional models can be
simulated with a satisfyingly high precision on simple personal computers
using the same techniques that are well known from QCD. This makes them
the perfect testbed for algorithms and a convenient laboratory in which dif-
ferent lattice-formulations of the same theory can be compared with each
other.
Besides their role as toy-models, two dimensional systems are very in-
teresting in their own right. Phenomena like bosonization [16], i.e. the
quantum-equivalence between certain fermionic and bosonic systems exist
only in two dimensions. Another 2d-feature is the impossibility of sponta-
neous breakdown of continuous symmetries. Instead, phase transitions of
the Kosterlitz-Thouless type [51] can appear. In addition some of the models
are integrable, which under certain assumptions made it possible to derive
exact analytic results for certain observables (like the S-matrices [87, 43, 7]
or the massgaps [25]). Some two dimensional quantum field theories have
an application in the context of quasi one dimensional condensed matter
systems. Particularly interesting in this regard is the equivalence between
the N = 2 Gross-Neveu model and models that successfully describe con-
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ducting polymers like trans-polyacetylene and cis-polyacetylene, or inho-
mogeneous superconductors [79, 13].
The main attention of this work goes to the formulation of finite volume
renormalization schemes for the family of Gross-Neveu models, their test-
ing in perturbation theory to one loop and at large-N and to the numerical
calculation of numerous universal quantities to high accuracy by means of
Monte-Carlo simulations. The layout is as follows:
After a short general introduction to quantum field theories on the lattice
in chapter one the Gross-Neveu models are introduced (chapter two). A
new renormalization scheme is proposed for the standard Gross-Neveu
model, while for the chiral Gross-Neveu model a Schrödinger functional
renormalization scheme similar to that used in QCD simulations [58, 74] is
formulated. Chapter three is devoted to the different lattice formulations of
these models. In chapter five a 1-loop perturbative calculation is presented
in order to legitimate the renormalization scheme for the Gross-Neveu
model with Wilson fermions. The core of the thesis (chapter six) deals
with the Monte-Carlo simulation of the models.
Results and conclusions are presented at the end.
The large-N calculations of chapter four are more or less independent
of the rest of the work. The results derived here contribute to the general
understanding of the models and their discretized versions.
Parts of the results of this thesis have been published in [46, 50, 49].
1.2 Motivation of the thesis
Lattice field theory is by now a well established area of high energy physics.
There are several reviews and text-books on this topic [48, 17, 60, 75, 67]
which provide an excellent introduction to the field. The lattice approach is
based on Feynman’s path integral formalism in Euclidean space in which
transition amplitudes from a state generated by the action of the time or-
dered operator O on the vacuum state |Ω〉 to the vacuum are represented in





DφO[φ] e−S[φ] , (1.1)
where S is the Euclidean action of the field theory at hand and
∫
Dφ is
a (in the continuum usually ill-defined) functional integral measure. Z
is a (in the continuum often infinite) normalization constant chosen such
that 〈Ω|Ω〉 = 1. The introduction of a space-time lattice regularizes the
theory. On a finite lattice the functional integral turns into a very high
dimensional ordinary integral, which can be evaluated with Monte-Carlo
methods. Renormalized observables which not only have a finite value, but
also a finite continuum limit can be defined.
4
In the path integral approach fermions are represented by Grassmann-
valued fields, i.e.
{ψ̄(x), ψ̄(y)} = 0 (1.2)
{ψ̄(x), ψ̄(y)} = 0 (1.3)




dψψ = 1 (1.5)∫
dψ̄ 1 =
∫
dψ 1 = 0 . (1.6)
The incorporation of fermions into the Monte-Carlo simulations is a com-
putationally very demanding task. The details of a lattice formulation of
the Gross-Neveu models will be explained in chapter 3.
Since quantum field theories describe systems of arbitrarily many par-
ticles and the highly nonlinear interactions among them, it is not very
astonishing, that only few results can be obtained analytically. Proofs usu-
ally rely on a basis of more or less well founded assumptions and many
things remain unproven.
When a theory is set up on a lattice, there is much freedom in the formu-
lation. Ideas borrowed from the theory of critical phenomena suggest that
there are universality classes and that all lattice models which are in the same
class can describe the same physics if the involved correlation lengths be-
come very large in lattice units, i.e. when the continuum limit is taken. Since
universality between different formulations is among the things that cannot
be proven rigorously, discussions about the validity of certain approaches
arise from time to time in the community. For instance the compatibility of
results obtained in the staggered and in the Wilson formulation was ques-
tioned by S. Aoki on the year 2000 lattice conference [2]. His objections
were addressed by C. Davies et al. [20] who explained the deviations by
the contribution of subleading cutoff effects and found agreement after the
employment of a more sophisticated fitting procedure.
Recently the validity of the so called rooted staggered fermion approach
is discussed [71]. The corresponding action lacks locality which in turn
arises doubts on the model’s belonging to the correct universality class.
Of course numerical simulations cannot really prove that two models
are equivalent. But if they are not, the simulations might find significant
disagreement in quantities that are supposed to be universal. This is cer-
tainly only possible if the statistical errors on the results are small enough
and the systematic errors under good control.
In this thesis a framework is set up in a two dimensional model, where
the aforementioned questions can be addressed. Since the simulations in
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this model are comparatively cheap, systematic errors arising from con-
tinuum extrapolations or finite size effects can be kept under control or
completely eliminated, while the statistical errors may be as low as a frac-
tion of one per mille.
Chapter 2
The Gross-Neveu models
2.1 Fermion interaction terms in two dimensions
In the discussion of the renormalizability of a given quantum field theory
its symmetries play a key role. In the first part of this section the continuous
and discrete symmetries of the Euclidean action of a free fermion in two
space-time dimensions are summarized and afterwards possible interaction
terms are introduced.
2.1.1 Symmetries of the free fermion action
The free action, is given by
S(0) =
∫
d2x ψ̄(x)[/∂ + m]ψ(x) . (2.1)
In this short notation the Dirac and the flavor indices are suppressed. In
places where it is favorable to have them explicit, Greek indices (α, β, . . .)
will denote the Dirac component (0 or 1) and Latin indices (i, j, . . .) will
stand for the flavor component (1 . . .N). The free action is invariant under
the following transformations
Euclidean symmetry
With a Euclidean metric instead of the Minkowski metric the Poincare
group is replaced by the Euclidean group E(2). The action is invariant
under translations
xµ → xµ + aµ (2.2)
as well as under orthogonal transformations which would correspond to
the boosts in a theory on a Minkowski space
x→ Λx Λ ∈ O(2) . (2.3)
6
7














Elements of the O(2) with det Λ = −1 are obtained by SO(2) rotations
followed by an axis reversal, i.e. either a parity transformation
ψ(x0, x1) → Pψ(x0,−x1)
ψ̄(x0, x1) → ψ̄(x0,−x1)P† (2.6)
or a time reversal transformation
ψ(x0, x1) → Tψ(−x0, x1)
ψ̄(x0, x1) → ψ̄(−x0, x1)T † (2.7)
The unitary matrices P and T have to satisfy
P
†γµP = (−1)µ and
T
†γµT = (−1)µ+1 . (2.8)
A convenient choice is P = γ0 and T = γ1.
Chiral symmetry
When the fermion fields are decomposed into their chiral components
ψR = PRψ ψ̄R = ψ̄PL
ψL = PLψ ψ̄L = ψ̄PR (2.9)








(1 − γ5) , (2.11)










It is invariant under independent unitary flavor transformations of the left-
handed and the right-handed fields
ψR → VRψR ψ̄R → ψ̄RV†R
ψL → VLψL ψ̄L → ψ̄LV†L
VR,VL ∈ U(N) . (2.13)
Since a mass term mixes the chiral components
ψ̄mψ = ψ̄LmψR + ψ̄RmψL , (2.14)
in presence of degenerate masses (same mass for all flavors) the symmetry
is broken down to the subgroup in which VR = VL, i.e. the vector trans-
formations U(N)V. Should one decide to give every flavor its own unique
mass (m→ diagonal mass matrix), the symmetry would be further reduced
to a U(1)V for each flavor.
Charge conjugation
A discrete symmetry that interchanges ψ and ψ̄ is given by the transforma-
tion
ψ → [ψ̄C−1]>
ψ̄ → −[Cψ]> , (2.15)
with C fulfilling the following condition
− C
−1γ>µC = γµ . (2.16)
With real and symmetric γ0 and γ1 the only choice (up to a multiplicative
constant) is C = γ5.
2.1.2 Possible interaction terms
In two dimensions the fermionic fields have mass dimension one half (which
can be read off from the kinetic term), therefore the couplings of four fermion
interaction terms are dimensionless and hence renormalizable (by power
counting).
The most general local four fermion interaction term is
Γαβγδ Ai jkl ψ̄αi(x)ψβ j(x)ψ̄γk(x)ψδl(x) . (2.17)
In the following it is discussed how the tensors Γ and A have to be restricted
in order for the action to keep some of the symmetries of the free action.
If one wants to keep the U(N)V flavor symmetry, the only possible
choices for the tensor A are
Ai jkl = δi jδkl or Ai jkl = δilδ jk . (2.18)
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δi jδmn , (2.19)
where λ(k) are the generators of the SU(N) group as defined in appendix
A.5.
Another symmetry that should be respected by the interaction term is
the Euclidean invariance. There are the following four possibilities to form








The last two choices are proportional to each other, since two dimensions
have the peculiarity that
γµγ5 = iεµνγν . (2.21)
The possible interactions so far are
L








VV = (ψ̄γµψ)(ψ̄γµψ) LVV
′
= (ψ̄γµλ(i)ψ)(ψ̄γµλ(i)ψ) . (2.22)
But not all of them are independent. Fierz identities (see appendix B.2 for
























can be used to write everything in the flavor-singlet-basis. Depending
on which subset of interactions out of (2.22) is added to the free action,
different (well known) models are obtained. The Thirring model [80] has
just one flavor and the interaction term LVV while the generalized SU(N)-
Thirring [18] model has the termsLVV andLVV
′
and N flavors of fermions.
In this work the main interest lies in the Gross-Neveu and the chiral Gross-
Neveu models which are examined closer in the following two sections.
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2.2 The Gross Neveu model
A very interesting model was studied by Gross and Neveu [33] already in











Depending on the number of flavors N the model reproduces other known
models (or is believed to be in the same universality class).
• For N = 1/2 the model describes a free, massless fermion. Odd multi-
ples of 1/2 can be understood in the Majorana language (odd number
of Majorana-components) which is explained in the next subsection.
This correspondence is exact and holds also in a regularized theory,
e.g. on a lattice.
• With N = 1 there is only one nonvanishing local four-fermion inter-
action possible due to the Grassmanian nature of the fields. Hence
the 1-flavor Gross-Neveu model is identical to the massless Thirring
model and to the 1-flavor chiral Gross-Neveu model. Also in this case
the correspondence is completely rigorous. By bosonization tech-
niques the Thirring model can be related to the bosonic sine-Gordon
model [16, 76]. The latter equivalence is very non-trivial. Although
there is no stringent mathematical prove for bosonization, the scenario
is supported by numerous independent methods.
• With N = 3/2 the model is equivalent to the supersymmetric sine-
Gordon model at the critical coupling [83]. The correspondence pro-
cedes via bosonization.
• N = 2 corresponds to two decoupled SU(2) Thirring models [34].
Again bosonization is needed to show the equivalence. This conjec-
ture is supported by findings on the exact S-matrix of the model [43].
This system is also equivalent to models that are used to model quasi
one dimensional condensed matter systems [79, 13].
• Finally for N = 3 bosonization relates the Gross-Neveu model to a
SU(4) Thirring model [34].
2.2.1 Symmetries of the Gross-Neveu model
Apart from Euclidean and charge conjugation symmetry the model has got
a discrete chiral symmetry
ψ(x) → γ5ψ(x)
ψ̄(x) → −ψ̄(x)γ5 (2.27)
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and an O(2N) flavor symmetry [19]. The latter is hidden but can be uncov-
ered by a change of variables. Assuming that the chosen representation of































with a ξ field that has gotN = 2N components. The O(N) symmetry
ξ(x)→ Rξ(x), R ∈ O(N) (2.30)
has become apparent. This subgroup of the full chiral group is enough to
render the model stable under renormalization. The γ5-symmetry forbids
a mass term, while the only four fermion term which is invariant under the
large flavor symmetry is the one given in (2.26) and (2.29).
2.2.2 Auxiliary field actions
In large-N calculations and in simulations one often starts from an effective
action in which the Grassmann-valued fermionic fields are already inte-
grated out. This is possible only in theories where the action is quadratic
in the fermionic variables. To bring the Gross-Neveu model into a suitable
form the four-fermion interaction is traded for a boson-fermion interaction
of the Yukava type. Depending on the value of N one can choose differently
distributed bosonic fields (e.g. Ising-type or U(1)-fields). A choice which






























1All this can be (and will be) made much more rigorous in the lattice-regularized model.
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Fermionic correlation functions calculated in this statistical ensemble are















The integral over the fermionic fields yields a det[/∂ + σ]N in the Dirac
language and the Pfaffian P f [C(/∂ + σ)]N in the Majorana language. Of
course this coincides forN = 2N and leads to a nonlocal effective action





−N log det (/∂ + σ) . (2.35)
2.2.3 The Gross-Neveu model in the literature
Many interesting properties of the model have been established by various
methods.
In the large-N limit the model exhibits asymptotic freedom and spon-
taneous breakdown of the discrete γ5-symmetry together with dynami-
cal mass generation [33]. The large-N expansion is also suitable to study
the phase-diagram of the model at finite temperature and chemical poten-
tial [85, 68, 79]. Many calculations were extended beyond the leading order
in the 1/N-expansion [9].
The particle-spectrum has been calculated in the semi-classical approxi-
mation [19]. The O(N)-symmetric model (withN > 4) is believed to contain
kinks with the mass mK as well as bound states of kinks with masses
mn = 2mK sin
πn
N − 2
, 1 ≤ n <
N
2
− 1 . (2.36)
Since the model belongs to the class of integrable quantum field theories,
i.e. it has an infinite number of conservation laws on the classical level, the
form of its S-matrix is very restricted. There is no particle production and
the S-matrix factorizes into a product of two-particle S-matrices. The exact
form of the S matrix for the elementary fermions has been proposed in [87].
The complete S-matrix has been given in [43].
The massgap was calculated exactly with the thermodynamic Bethe
ansatz [27, 25] as well as in large N [26] .
The β-function of the model has been calculated up to three loops in
dimensional regularization [81, 55, 32].
2.2.4 Observables
The main part of this work is concerned with Monte-Carlo simulations of
the Gross-Neveu model, which can only be performed in a finite space-
time box. To avoid systematical uncertainties due to finite size effects,
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a finite volume renormalization scheme where the box size serves as a
physical scale is employed. The work of the ALPHA collaboration [57, 58,
59] on the Schrödinger functional has shown that in such schemes precise
continuum extrapolations become feasible. The Schrödinger functional has
got Dirichlet boundary conditions in the temporal directions. The approach
here is a little bit different.
Let the spatial extent of the space-time box be L and the temporal T with
periodic boundary conditions in the spatial direction and antiperiodic in
the temporal. The following observables are zero due to the γ5-symmetry
of the action (see appendix A.6 for the conventions concerning Fourier
transformations)
































They will be useful to define the “chiral point” in the regularized theory,
when the regulator breaks the γ5 symmetry (like the Wilson fermions on
the lattice).
Other two point functions may be defined as
































Some of these correlators vanish, e.g.
kS(T/2, p1) = 0 due to time reversal + antiperiodicity (2.45)
k1(x0, 0) = 0 due to parity (2.46)
k̄1(p0,L/2) = 0 due to parity + periodicity . (2.47)
Moreover the real parts of k1 and k̄0 vanish for all arguments due to parity
and time reversal symmetry respectively.
The corresponding renormalized quantities are defined by
(kS)R = Z−1ψ kS (k̄S)R = Z
−1
ψ k̄S






Zψ = k0(T/2, 0) . (2.49)













In this formula the flavors are not summed over - the four-point function
is constructed from fields of the first flavor only. The definition seems a
little bit long winded at the first sight, but looks much more natural when



























and the conserved vector current
jµ(x) = ψ̄(x)γµψ(x) . (2.54)
In the Thirring model (i.e. the Gross-Neveu model with N = 1) a calculation
very similar to the one in section 2.3.1 but carried out explicitly in finite
volume [84] with special care towards constant modes that were neglected
in 2.3.1 allows it to calculate the current-current correlator analytically. The












δ(p + q) . (2.55)
At zero momentum the afore mentioned constant modes play an important











with the aspect ratio ρ = T/L and fµ given by




















The coefficients αmn have been obtained numerically in [84], the largest ones










and αmn = −1m+nαnm.
2.3 The chiral Gross-Neveu model
The chiral Gross-Neveu model is the two dimensional four fermion model


















In general the second term with the coupling gV is necessary in order to
make the model renormalizable [88]. In the original work [33] however (as
well as many other works) this term is omitted. As will be shown below,
this is legal only if one is interested in the leading order of the large-N
expansion of this model.
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2.3.1 The current-current interaction term
In this section it is argued on a rather formal level that the coupling of the
vector-vector term plays a special role and it is made plausible why it can be
set to zero in leading-order large-N calculations. The formal manipulations
on the path integral are similar to those in [61].






















with g = g2S and g
′ = g2S/N − g
2
V .
Of course also in this form auxiliary fields can be used to eliminate the















































allow it to write the generating functional (source terms suppressed) as
Z =
∫








L = ψ̄(/∂ + i /A + i/B)ψ +
2
g










∈ su(N) . (2.67)
The auxiliary fields have to be transformed together with the fermions to
preserve the symmetries. The U(N) transformations take the form
ψ → Uψ U ∈ U(N)
ψ̄ → ψ̄U†
A → UAU†
B → B (2.68)
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B → B . (2.69)
A linear change of variables in the path integral2
Bµ(x) = εµν∂νφ(x) + ∂µη(x) ε01 = 1 (2.70)
leads to




tr f (AµAµ) +
(∂µφ)(∂µφ) + (∂µη)(∂µη) + 2εµν(∂µη)(∂νφ)
2g′
.
The iψ̄(/∂η)ψ term can be removed by the variable transformation
ψ(x) → e−iη(x)ψ(x)
ψ̄(x) → ψ̄(x)eiη(x) (2.71)
and the iψ̄εµνγµ(∂νφ)ψ term vanishes after the transformation
ψ(x) → e−γ5φ(x)ψ(x)
ψ̄(x) → ψ̄(x)e−γ5φ(x) . (2.72)
Note that in 2d −/∂γ5φ = iεµνγµ∂νφ. The last transformation comes along
with a non-trivial Jacobian (Fujikawa, see appendix B.3). The 2εµν(∂µη)(∂νφ)
term does not contribute to the action (integrate by parts, assume η(∞) = 0),
so the generating functional factorizes into






























Z2 is just the partition function of a free scalar theory and hence g′ does
not renormalize. Moreover the relation g′ = g2S/N − g
2
V suggests, that in the
limit N → ∞ also gV has a vanishing β-function. This means, that it can be
safely set to zero.
2A more careful calculation would include a constant term on the r.h.s.
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2.3.2 Ward identities






= 0 , y , x . (2.76)
When a small mass is introduced and the couplings of the (ψ̄ψ)2 and (ψ̄γ5ψ)2









With Wilson fermions this Ward identity can be used to fix the additive
mass renormalization constant and the ratio gS/gP. A careful and detailed
treatment of the chiral Gross-Neveu model in the Schrödinger functional
setup can be found in [53].
Chapter 3
The Gross-Neveu models on
the lattice
Some kind of regularization is necessary if the theory is to be defined beyond
a formal level. A popular regularization, and the only one that allows
numerical simulations, is the lattice formulation. A space time lattice with
spacing a is introduced. In a finite volume it will have a finite number
(L/a × T/a) of sites. The fields ψ̄, ψ live only on the sites and derivatives
of the fields are approximated by finite differences. Our lattice-notation
is introduced in appendix A.1. Since one is eventually interested in the
continuum limit, the lattice-actions that one may consider can differ by
terms of order a, which vanish in the continuum limit. This freedom should
be exploited to preserve as many of the continuum symmetries as possible.









It has the full chiral symmetry of the continuum action (2.1). The lattice
however breaks most of the space-time symmetries. From the Euclidean
group only rotations by 90 degrees, translations by whole lattice-spacings
and axis reversals are preserved. This naive action has the well known
problem of fermion-doubling [65]. For each flavor of the field ψ one ob-
tains four degenerate “tastes” in the continuum limit. The problem can be
understood already in the free theory. The propagator obtained from (3.1)









This is clearly a good approximation to the continuum expression 2.1 for
momenta around zero. But also momenta around (0, π/a), (π/a, 0) and
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(π/a, π/a) give contributions that will not vanish in the continuum limit.
It has been shown [70] that these contributions can be interpreted as three
spare flavors (which are called tastes to distinguish them from the usual
flavors).
The doubling problem is deeper and not restricted to the special action
(3.1). The Nielsen-Ninomiya theorem [65] states that a lattice-regularization
of a fermionic theory either breaks explicitly a part of the full chiral sym-
metry, or if not, that it will generate doublers. To be more precise one can








The statement of the Nielson-Ninomiya theorem is that the following crite-
ria cannot be satisfied all at the same time:
• D̃(p) is analytic and periodic (with period 2π/a), which is required for
D to be a local operator.
• For small momenta the lattice Dirac operator reproduces the contin-
uum Dirac operator D̃, i.e.
D̃(p) = −i/p + O(ap2) . (3.4)
• D̃ is invertible for all nonzero momenta within the Brillouin-zone, i.e.
there are no doublers.
• D̃ anticommutes with γ5, i.e.the chiral symmetry remains unbroken.
3.1 Wilson fermions
The oldest and best understood method to remove the doublers from the
theory goes back to Wilson [82]. The naive lattice Dirac operator is supple-
mented with a second derivative term




where r is the Wilson parameter which is usually set to 1. The free propa-















It has the correct continuum limit. The doublers get a mass which is pro-
portional to the inverse lattice spacing.
The main drawback of Wilson fermions is, that in agreement with the
Nielsen-Ninomiya theorem the chiral symmetry remains broken even for
m0 → 0. Nevertheless it is believed [10] that a chiral continuum limit can
be taken, but that the mass has to be carefully tuned along a critical line
m0 = mc(g2R). There are many ways to define such a line in an interacting
theory. Usually one tunes the bare mass such that some chiral Ward identity
(like the PCAC-relation) is fulfilled.























and for the chiral Gross-Neveu model accordingly.
Since the U(N)V symmetry is not affected by the Wilson term, it is possi-
ble to write down the exact Noether-current associated with this symmetry











ψ̄(x)ψ(x + µ̂) − ψ̄(x + µ̂)ψ(x)
)
. (3.10)
Sometimes it is advantageous to use this definition of the current instead
of the naive vector-current jµ(x) = ψ̄γµψ(x). There exists of course no axial-
vector Noether current with Wilson fermions.
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3.2 Staggered fermions
Another very popular fermionic action was introduced in [77, 70]. The idea
is to reduce the number of degrees of freedom per site in order to reduce
the taste-degeneracy. Although most of the following derivation of the
free fermion staggered action can be found in the literature [44, 67], it will
be reviewed here rather carefully, because a detailed understanding of the
procedure is necessary in order to introduce interactions into the formalism
and to formulate suitable observables.
3.2.1 Free fermions
The derivation starts from the naively discretized action of the free massless






(ψ̄(x)γµψ(x + µ̂) − ψ̄(x)γµψ(x − µ̂)) . (3.11)
One way to obtain a staggered formulation is the “spin-diagonalization”.
The variables are locally changed according to
ψ(x) = T(x)χ(x) (3.12)
ψ̄(x) = χ̄(x)T†(x) (3.13)
where T(x) are unitary 2 × 2 matrices chosen such that
T†(x)γµT(x + µ̂) = ηµ(x)1, ηµ ∈ C . (3.14)
A popular choice, which has the useful property that T(x− µ̂) = T(x + µ̂), is
T(x) = γx00 γ
x1
1 . (3.15)
With this choice the so called staggered-phases η take the values
ηµ(x) B T†(x)γµT(x + µ̂) = (−1)µ x0 (3.16)








χ̄α(x)χα(x + µ̂) − χ̄α(x)χα(x − µ̂)
]
. (3.17)
So far the action is still equivalent to the naive action with its fermion
doubling problem. The step to staggered fermions is to omit the summation
over the Dirac index α, i.e. to reduce χ and χ̄ from a 2-component to a single
component field. The difficult part is to show that this new action describes
in its continuum limit free fermions. These must be represented by spinors
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and not by a single-component field. One introduces a coarse lattice (here
labeled by big letters e.g. X,Y)
xµ = 2Xµ + ρµ , (3.18)
where ρµ can have the values 0 and 1, and defines a four-component field
χρ(X) = χ(2X + ρ) . (3.19)
To express the action in terms of the χρ-fields it is necessary to know how
to map χ(2X + ρ ± µ̂) to χρ when |ρ + µ̂| > 1. A reasonable way to do it is
χ(2X + ρ + µ̂) =
∑
ρ′
[δρ+µ̂,ρ′χρ′(X) + δρ−µ̂,ρ′χρ′(X + µ̂)] (3.20)
χ(2X + ρ − µ̂) =
∑
ρ′
[δρ−µ̂,ρ′χρ′(X) + δρ+µ̂,ρ′χρ′(X − µ̂)] . (3.21)






















ρρ′ = [δρ+µ̂,ρ′ + δρ−µ̂,ρ′]ηµ(ρ) , (3.23)
Γ
(5µ)
ρρ′ = [δρ−µ̂,ρ′ − δρ+µ̂,ρ′]ηµ(ρ) . (3.24)
And the symbols ∂̃ and ∆µ stand for the symmetric first and second lattice
derivatives in lattice units
∂̃µ f (X) =
1
2
[ f (X + µ̂) − f (X − µ̂)] (3.25)
∆µ f (X) = f (X + µ̂) + f (X − µ̂) − 2 f (X) (3.26)
In two dimensions it is easy to write down the Γ-matrices explicitly1
Γ(0) =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 Γ(1) =

0 1 0 0
1 0 0 0
0 0 0 −1




0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0
 Γ(51) =

0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0
 . (3.28)
1The explicit form of the Γ matrices depends on the order in which the components of
the χρ field appear. The choice here is: χ = (χ(00), χ(01), χ(10), χ(11)) .
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These matrices satisfy the following anticommutation relations
{Γµ,Γν} = 2δµν (3.29)
{Γµ,Γ5ν} = 0 (3.30)
{Γ5µ,Γ5ν} = −2δµν , (3.31)
which happen to be the same as those satisfied by γµ ⊗ 1 and γ5 ⊗ γ5γµ.
If (3.22) can be brought by a variable transformation into a form in which the
usual kinetic term is recovered (up to lattice artifacts), then free staggered
fermions have indeed the correct classical continuum limit. The unitary
































(γµ)αβδi j∂̃ + (γ5)αβ(γ5γµ)i j∆µ
]
qβ j(X) (3.34)
and the usual kinetic term for two-spinors with components labeled by α is
recognized. The index i/ j can be interpreted as an additional flavor index,
thus the fermion doubling is reduced. Instead of 4 tastes for each original
flavor there are 2 tastes. The second derivative term, which is similar to a
Wilson term but that is neither diagonal in spin- nor in taste-space, comes
with a power of the lattice spacing due to dimensional reasons.
3.2.2 Symmetries of the free staggered action
The symmetries of the free staggered action can be discussed either in the
χ-basis, or in the basis with flavored q-fields which of course is equivalent.
In the χ-basis the following symmetries can be identified
Translations
The action is invariant under translations
χ(x) → ζµ(x)χ(x + µ̂)
χ̄(x) → ζµ(x)χ̄(x + µ̂) (3.35)
with
ζµ(x) = (−1)(1−µ)x1 . (3.36)
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Rotations
The action is also invariant under 90o rotations
χ(x0, x1) → ρ(x)χ(x1,−x0)
χ̄(x0, x1) → ρ(x)χ̄(x1,−x0) (3.37)
with
ρ(x) = i(−1)x0x1 . (3.38)
Axis reversals
Two other discrete symmetries are given by parity
χ(x0, x1) → χ(x0,−x1)
χ̄(x0, x1) → χ̄(x0,−x1) (3.39)
and by time reversal
χ(x0, x1) → η1(x)χ(−x0, x1)
χ̄(x0, x1) → η1(x)χ̄(−x0, x1) . (3.40)
Charge conjugation
The action is invariant under charge conjugation in the form
χ(x) → ε(x)χ̄(x) (3.41)
χ̄(x) → −ε(x)χ(x) , (3.42)
with
ε(x) = (−1)x0+x1 . (3.43)
Chiral symmetry
If the second derivative term in (3.34) were absent, the action would be
invariant under the full chiral group. This taste-breaking term reduces the
invariance significantly. Written with χ-fields, the massless action connects
only even sites with odd sites, so there is a symmetry
χ(x)→ Ue χ(x) , χ̄(x)→ χ̄(x) U†o for even x (3.44)
χ(x)→ Uo χ(x) , χ̄(x)→ χ̄(x) U†e for odd x , (3.45)
with independent Ue,Uo ∈ U(N/2). A mass term ∝ χ̄χ would break this
symmetry down to the diagonal subgroup Ue = Uo .
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In the language of the flavored fields the generators
1(2×2) ⊗ 1(2×2) ⊗ 1(N/2×N/2) (3.46)
1(2×2) ⊗ 1(2×2) ⊗ λ(k) (3.47)
γ5 ⊗ γ5 ⊗ 1
(N/2×N/2) (3.48)
γ5 ⊗ γ5 ⊗ λ
(k) (3.49)
give rise to transformations that leave the action invariant. The first matrix
acts in spin-space, the second in taste-space and the third on the N/2 explicit
flavor components. λ(k) are the N2/4 − 1 generators of the SU(N/2). The
generators (3.46) and (3.47) generate vector transformations which would
not be affected by a (degenerate) mass term. The remaining generators
generate nonsinglet (γ5 is traceless) axial transformations.
The massless staggered action is invariant under the interchange
χ(x)↔ χ̄(x) . (3.50)
This symmetry is equivalent to a charge conjugation followed by a particular
transformation from the chiral group, namely Uo = 1 and Ue = eiπ.
3.2.3 The mass term and interactions
In order to introduce interaction terms and to formulate observables it is
useful to translate the fermion-bilinears
q̄q, q̄γ5q and q̄γµq (3.51)
from the flavored basis to the χ-basis. For simplicity reasons the number
of flavors is chosen to be N = 2. A generalization to all even numbers is
straightforward, but would unnecessarily complicate the notation. In the
following the matrix Γ is one of {γ0, γ1, γ5,1}. A bilinear translates according
to ∑
α,β,i, j









U†ρ,αiΓαβ1i jUβ j,ξ︸                    ︷︷                    ︸
Λρ,ξ
χξ . (3.53)



























































So, depending on what is substituted for Γ, when the Clifford-algebra and
properties of the trace are exploited, one finds explicitly
Γ = 1 : Λρ,ξ =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 = 1ρ0ξ0 1ρ1ξ1 (3.56)
Γ = γ5 : Λρ,ξ =

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0
 = σ(2)ρ0ξ0 σ(1)ρ1ξ1 (3.57)
Γ = γ0 : Λρ,ξ =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 = σ(1)ρ0ξ0 1ρ1ξ1 (3.58)
Γ = γ1 : Λρ,ξ =

0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0
 = σ(3)ρ0ξ0 σ(1)ρ1ξ1 , (3.59)
with the usual Pauli matrices σ(i).
The easiest application is to translate the mass term. One readily finds∑
X





















To obtain a form which preserves the staggered translation invariance (3.35)














This form of the Gross-Neveu interaction term has already been proposed
in [15] and carefully examined in [40]. Similarly for the other four-fermion








χ̄(x + 0̂)χ(x + 1̂) − χ̄(x + 1̂)χ(x + 0̂)










χ̄(x)χ(x + 0̂) + χ̄(x + 0̂)χ(x)




χ̄(x + 0̂)χ(x + 0̂ + 1̂) + χ̄(x + 0̂ + 1̂)χ(x + 0̂)
−χ̄(x)χ(x + 1̂) − χ̄(x + 1̂)χ(x)
]2
(3.64)
In simulations the equivalent actions with auxiliary fields are used. An













is eliminated by the introduction of a scalar field σ and the corresponding









σ(x) χ̄(x + ρ) Λρ,ξ χ(x + ξ) . (3.66)
This means that the Gross-Neveu model with N flavors in the continuum


















ηµ(x)[δx+µ̂,y − δx−µ̂,y] +
∑
ρ
σ(x − ρ)δx,y . (3.68)
The action is invariant under translations, rotations, axis reversals and
the discrete chiral symmetry as defined in section 3.2.2, provided that the
2The reordering of the terms which is necessary to write the action as a quark bilinear,
works in this way only for periodic and antiperiodic boundary conditions.
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auxiliary field transforms as follows
translations : σ(x) → σ(x + µ̂) (3.69)
90o rotations : σ(x0, x1) → σ(x1,−x0 − a) (3.70)
parity : σ(x0, x1) → σ(x0,−x1 − a) (3.71)
time reversal : σ(x0, x1) → σ(−x0 − a, x1) (3.72)
charge conjugation : σ(x) → −σ(x) . (3.73)
Similar to a mass-term, interaction breaks the chiral symmetry U(N/2)e ×
U(N/2)o down to the diagonal subgroup. However unlike a mass-term
it preserves the discrete chiral symmetry, which makes the model stable
against additive mass renormalizations.
The fermion-matrix K is real and hence its eigenvalues are either real or
come in complex-conjugate pairs. The determinant of K is not necessarily
positive. This is easily seen in the large g limit, when only configurations
contribute, where σ(x) is large. Then the kinetic part of the operator can




ρ σ(x− ρ) with Gaussian
distributed σ-fields, which can of course become negative.
Chiral Gross-Neveu model
























σ(x − ρ) δx,y +
∑
ρ,ξ





















Not even for g2S = g
2
P the axial U(1) symmetry of the continuum model is
realized with staggered fermions, and that is why in this model, like in
the Wilson case a tuning of the ratio of the two couplings is necessary to
approach the correct continuum limit. The additive mass renormalization
however is not necessary, since the χ↔ χ̄ symmetry is realized.
In literature [35, 36] often a model is studied which preserves the rem-
nant staggered chiral U(1) symmetry. This however is not the singlet U(1)
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of what is commonly called the chiral Gross-Neveu model. Moreover this
model cannot be easily simulated with standard techniques, because its
fermion matrix is neither real nor (anti)hermitian. Therefore usually a
model with fermionic weight det(K†K) is simulated instead of the desired
det K2 in order to be able to introduce pseudo fermion fields.
3.2.4 Observables
The observables defined in 2.2.4 can be translated into the staggered for-
malism in a similar way as the interaction terms. With Wilson fermions the
observables kS and k̄S can be used to fix the chiral point. With staggered
fermions no additive mass renormalization is required and therefore these
observables should vanish at every lattice spacing automatically.























ei2(X0−Y0)p0 〈K−1(2Y0, 0; 2X0, 2X1)〉aux . (3.76)
In fact, these observables are odd under the interchange χ̄ ↔ χ, which is
a symmetry of the action (3.2.2) and therefore vanish. For kµ and k̄µ the
transcription produces





ei2(X1−Y1)p1〈χ̄(2X0 + a, 2X1)χ(0, 2Y1)






ei2(X1−Y1)p1〈K−1(0, 2Y1; 2X0 + a, 2X1) (3.77)






ei2(X0−Y0)p0〈χ̄(2X0, 2X1 + a)χ(2Y0, 0)






ei2(X0−Y0)p0〈K−1(2X0, 0; 2X0, 2X1 + a)
+K−1(2Y0, 0; 2X0, 2X1 − a)〉aux . (3.80)
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The renormalized coupling defined in (2.51) as well as current current cor-
relators are more involved.
3.2.5 Staggered fermions with an odd number of flavors
Staggered fermions do not remove all doublers. In two dimensions at least
2 flavors emerge in the continuum limit. A theory with for instance N = 1
cannot be described without further manipulations. A popular approach
in QCD-simulations is to integrate out the fermions and take a square (or
fourth) root of the resulting fermion determinant. A Gross-Neveu model









Tr log K†K . (3.81)
For odd N a corresponding local action formulated in terms of the Grass"-
mann-fields does not exist which raises questions with respect to the uni-
versality of such theories [12, 71].
3.3 Ginsparg-Wilson Fermions
It was discovered in [31] that a lattice-Dirac operator that would satisfy the
Ginsparg-Wilson relation
γ5D + Dγ5 = aDγ5D , (3.82)
would be consistent with the Nielson-Ninomiya theorem while breaking
chiral symmetry only in a “mild” way. The operator on the right hand side
is local and it vanishes if applied to solutions of the Dirac equation Dψ = 0.
Nowadays several operators that satisfy all the criterions of the Nielson-
Ninomiya theorem and in addition eq. (3.82) are known. None of them is
ultralocal, but they are local in the sense that the interaction strength be-
tween distant points dies off exponentially with the distance in lattice units.
This is considered enough to guarantee universality. Three prominent ex-
amples are given by the Fixed-Point (or classically perfect) action [37], the
domain-wall fermions [42] and the overlap fermions [63].
An important observation by M. Lüscher [56] was that although Gins"-
parg-Wilson Fermions do break chiral symmetry, there exists a modified
chiral symmetry which remains unbroken on the lattice. This symmetry is
(here an infinitesimal rotation by ε)
ψ → ψ + iεγ̂5ψ
ψ̄ → ψ̄ + iεψ̄γ5 , (3.83)
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with γ̂5 that approaches γ5 in the continuum limit
γ̂5 = γ5(1 − aD) . (3.84)
With such a symmetry at hand, it suggests itself to discretize fields and
operators in a way which preserves the transformation properties that they




(1 + γ5) PL =
1
2




(1 + γ̂5) P̂L =
1
2
(1 − γ̂5) (3.86)
(3.87)
The chiral components can be defined as
ψL = P̂Lψ ψR = P̂Rψ (3.88)
ψ̄L = ψ̄PR ψ̄R = ψ̄PL . (3.89)



















































Of course auxiliary fields can be introduced. The auxiliary field action for



































and for the Gross-Neveu model accordingly.


















Both the Gross-Neveu and the chiral Gross-Neveu are large-N expandable.
Already in the leading order of this expansion very interesting properties
of the models can be observed. The Gross-Neveu model with discrete
chiral symmetry at N → ∞ is asymptotically free, exhibits spontaneous
symmetry breakdown and dynamical mass generation [33]. None of these
features can be seen in perturbation theory (in g) no matter how high its
order is. In the chiral Gross-Neveu model with Wilson fermions there exists
an Aoki-phase [1]. Recently this study has been extended to the case with
twisted-mass fermions [62] and a phase-structure similar to that observed
in QCD was found.
This chapter plays a somewhat special role in this thesis. It does not
intersect very much with the other sections, and the results presented here
origin from an early stage of the work where it was important to get com-
fortable with the model and its different discretizations.
A universal finite volume quantity very similar to the Lüscher-Weisz-
Wolff (LWW) coupling [57] is calculated in the large N limit of the contin-
uum theory as well as in its lattice versions with three different fermion-
discretizations. The LWW-coupling has originally been introduced as the
dimensionless product of the finite-volume massgap and the spatial volume
in two dimensional O(N)-invariant nonlinearσ-models. The observable that
is used here is the product of the finite volume fermion mass m(L) with the
spatial volume L. One can obtain a value of m(L)L for each L or more pre-
cisely for each value of the dimensionless volume-parameter m(∞)L, where
m(∞) is the fermion mass in infinite volume which will be denoted simply
by m from here on.
4.1 Continuum theory
For the Large-N calculation the notation is slightly changed. A rescaled





























dt dx σ2 − Tr log(/∂ + σ)
)]
(4.2)
The large-N expansion is a saddle-point expansion. In the N→∞ limit the





= 0 , (4.3)
dominates. In higher orders of the expansion fluctuations around the
saddle-point are taken into account and a power series in 1/N is obtained.
The present work restricts itself to the leading order which although rather
straightforward already yields some interesting nontrivial results.
If one is interested in the phase structure of the model in the presence of
a chemical potential and at finite temperature, it is necessary to find also the
space (or even space and time) dependent saddle-point solutions [24, 68],
which can have non trivial topologies. Here however it is enough to look
for solutions of (4.3) with constant fields σ, i.e. with action
Se f f (σ) =
NLT
2λ
σ2 −N Tr log(/∂ + σ) . (4.4)





















In this step a geometry was chosen where T = ∞ and L is finite with the
boundary conditions ψ(x0, x1 + L) = eiθψ(x0, x1) which include periodic and
antiperiodic b.c. as special cases. That means that the spatial momenta
to sum over are p1 = (2nπ + θ)/L, n = 0, ±1, ±2, . . .). The solution σ = 0
corresponds to a local maximum of the action. To find the minima σ , 0 is
assumed. Dividing both sides byσ, performing the integral and introducing























are found. This equation shows that the Gross-Neveu model is asymptoti-
cally free at large N. In fact, the model keeps this property for all N > 1.
To calculate the finite volume mass m(L) it is necessary to remove the
cutoff and at the same time adjust the bare coupling such that the physical
volume is kept constant. One way too proceed is to solve (4.7) for λ and
substitute this expression into the finite-volume gap-equation. Thereafter













gives implicitly the solution σ = m(L) which has a finite nmax → ∞ limit
and thus a value of m(L)L can be calculated for any value of mL (at least
numerically). One observation is, that there exists a “critical volume” Lc
below which the gap equation has only the solution σ = 0, i.e. no symmetry
breaking takes place. This volume depends on the boundary conditions














where γ is the Euler-Mascheroni-constant and ζ the Riemann-zeta-function.
This observation is not entirely new - in fact for the case of antiperiodic
boundaries, where the finite volume can be interpreted as a finite tempera-
ture (while the spatial volume is infinite), the finite-temperature transition
found by Wolff [85] is exactly recovered. That a spontaneous symmetry
breaking can take place in finite volume at all is a special feature of the
N → ∞ limit. At finite N the symmetry remains unbroken because tunnel-
ing between the two minima can take place.
The results are plotted in figure 4.1.
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Figure 4.1: m(L)L as a function of mL for different boundary conditions.
The same calculation can be carried out for the chiral Gross-Neveu
model. The effective potential is given by
Ve f f = βL
σ2 + Π2
2λ
− Tr log(/∂ + σ + iγ5Π) (4.10)
where σ and Π are the auxiliary fields associated with LSS and LPP. As
argued in section 2.3.1 the interaction term LVV can be dropped at leading
order of the large-N expansion.
The trace can be rewritten














log(k2 + Π2 + σ2) . (4.13)
For the last step the spin-part of the trace was evaluated using the eigen-
values of i/k + σ + iγ5Π which are: λ± = σ ± i
√
k2 + Π2. Hence the effective
potential







log(k2 + Π2 + σ2) (4.14)
is manifestly invariant under chiral rotations.
To find extrema of the effective potential Ve f f (ρ =
√















has to be solved, which happens to be exactly the same as in the discrete
model. The 1/N corrections in the chiral model are not easy to obtain.
The expansion is plagued by infrared singularities which require a special
treatment [47].
4.2 Wilson fermions
Instead of imposing a cutoff on spatial momenta only as done in the last sec-
tion, it is also possible to regularize the theory on a space-time lattice. Here
Wilson’s approach to represent the fermions is applied. As described in sec-
tion 3.1 the main disadvantage of Wilson-fermions is, that chiral symmetry
is explicitly broken. As a consequence additive mass renormalization is re-
quired in order to be able to take a continuum limit in which this symmetry
is restored. In the continuum theory the effective potential 4.4 is symmetric
(Se f f (σ) = Se f f (−σ)) due to the γ5-symmetry. With Wilson fermions this
symmetry is lost, but one can fix the additive mass renormalization con-
stant by the requirement, that both minima of the effective potential lie on
the exactly same level. The dynamically generated fermion mass m can be
defined as half of the distance between the two minima. In the continuum
limit, where the symmetry of the effective potential is expected to become
restored this definition coincides with that of section 4.1.
With Wilson fermions the effective potential to leading order in large-N
is given by




















with the usual definitions of p̊, p̂ and M(p) = m0+σ+ r2 ap̂
2 (see appendix A.1).
Its shape for some values of m0 around mc is shown in figure 4.2. It has
been shown in [3] that below a certain value of the coupling there are
three distinct values of m0 for which the minima of the potential become
degenerate. The situation is shown schematically in figure 4.3. The fermion
doubling with naive fermions in two dimensions leads to three additional
fermion tastes with momenta around (0, π/a), (π/a, 0) and (π/a, π/a). With
Wilson fermions, depending on how the bare mass is tuned, either the taste
around (0, 0) or one of these additional tastes can become massless in the
continuum limit, while the others become infinitely heavy. The different
branches in figure 4.3 correspond to these different choices. In this work
the continuum limit is taken in such a way that only the taste around the
point (0, 0) of the Brillouin zone survives the limit.
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Figure 4.2: The effective potential with Wilson-fermions for three values of
m0 at and around m0 = mc
The nearly linear behavior of mc vs λ can be easily understood. An
equally suitable condition for the critical mass, which should differ from
the one used here only by cutoff effects, could be to demand that the slope
of the effective potential at σ = −mc is zero (i.e. there is the local maximum).









i.e. the linear behavior is exact in this scheme. Fixing the critical mass by the
requirement that the two minima are at the same level has however some
practical advantages. The critical masses differ from (4.17) only by lattice
artifacts and thats why the behavior in figure 4.3 is not perfectly linear (but
almost).
In appendix C.1 some numerical estimates of mc and the corresponding
values of m are summarized. The data is the Wilson-fermion-equivalent of
eq. (4.7).
As in the continuum theory the next step is to switch to finite volume.
On a lattice of spatial extent L, i.e. L/a sites, for some of the known values of
mL = ma · L/a the corresponding m(L)L is calculated. For this the bare mass
has to be tuned to its critical value on a finite lattice which differs slightly
from the infinite lattice value. Then 2m(L)L is given by the distance between
the two degenerate minima of the effective potential. In figure 4.4 some of
the lattice results are compared to continuum results.
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Figure 4.3: Critical values of m0 for different couplings. The dashed branch
which corresponds to the physical fermion mode is a polynomial fit (3. de-
gree) to the numerical results (asterisks). Black dashed lines show schemat-
ically the situation for the other modes.
Also with different choices of the boundaries (differentθ) the continuum
results are reproduced by the a → 0 limit of the theory discretized with
Wilson fermions.
In figure 4.6 it is shown how the continuum limit is approached and the
results obtained with Wilson fermions are compared to those with staggered
fermions. In asymptotically free theories the leading lattice artifacts can be
described by Symanzik’s effective theory [78]. With unimproved Wilson
fermions cutoff effects of order a are expected [72]. The plot suggests O(a2),
i.e. the coefficient of the linear term is either very small or absent.
The treatment of the chiral Gross-Neveu model with Wilson fermions
requires some care. It has been found out in [3] that in this model not
only the mass needs an additive renormalization, but also the ratio of the
couplings of the two interaction terms needs to be adjusted properly in order
to recover a chirally symmetric effective potential in the continuum limit.
Since this result is quite important for this thesis, the whole calculation is
repeated in great detail and can be found in the appendix B.4.2.
4.3 Staggered fermions
With the staggered action for the Gross-Neveu model as introduced in
section 3.2 the effective potential is

























Figure 4.4: Comparison of lattice (Wilson fermions) and continuum results.
The dotted black line indicates the mL value along which the approach to
the continuum is shown in fig. 4.6. The green and red lines are continuum
solutions. The lattice data and the red curve had antiperiodic, the green
curve periodic b.c.
































Assuming that the solution σ = m gets small close to the continuum limit













which coincides with the solution in the continuum 4.7. This means that
indeed in the continuum limit N flavors are produced out of a staggered
action with fields that have only N/2 components (at least at large N).
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The same procedure as with Wilson fermions (only much easier, because
no mass-tuning is necessary) leads to the curves m(L)L vs mL which have a
universal continuum limit. The result is plotted in figure 4.5. The approach
to the continuum at some particular value of mL is displayed in figure 4.6.














Figure 4.5: m(L)L vs mL curves obtained with staggered fermions on dif-
ferent lattices. The red line is the corresponding continuum solution. The
dotted vertical line indicates the mL value for which the approach to the
continuum is plotted in figure 4.6. The light green line indicates the contin-
uum solution with periodic b.c. while all the other curves had antiperiodic
b.c.
4.4 Overlap fermions
With the exact chiral symmetry of overlap fermions, the calculation for the
chiral Gross-Neveu model (without theLVV term which can be dropped at
large N) can be carried out as in the continuum.
After the introduction of auxiliary fields, the fermions can be integrated












































Figure 4.6: The approach to the continuum at some value of mL (mL = 2)
and antiperiodic b.c. for Wilson and staggered fermions.
This form is suitable for a large-N expansion. To carry out the leading order
for the finite volume mass-gap it is necessary to find the extrema of the
action, which are assumed to occur at constant σ and Π fields.















































































After the evaluation of the spin-trace the rotational symmetry of the
effective potential becomes manifest




















































As in the continuum case the variable ρ2 = σ2 + Π2 can be introduced and













In correspondence to the discrete Gross-Neveu model the solutions can
be interpreted as a dynamically acquired fermion mass m. Solutions of
the gap-equation in infinite volume allow it to construct the functional
dependence between m and λ numerically. This can be used to get rid of
the parameter λ in the finite-volume gap-equation which is given by eq.
(4.25) only that the integral over the spatial momentum is replaced by the
appropriate momentum sum. At fixed mL the value of m(L)L has got a finite
continuum limit. Fig. 4.7 shows the curves m(L)L vs. mL for a sequence of
lattice spacings. Fig. 4.8 shows the approach to the continuum at a fixed
value of mL.
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Figure 4.7: Curves m(L)L as a function of mL for a sequence of lattice
spacings. Antiperiodic boundary conditions were employed in the spatial
direction.





















 2. order polynomial fit




In this chapter the renormalization procedure of the Gross-Neveu model
is carried out to one-loop using Wilson-lattice-perturbation theory. The
results derived here serve three main purposes:
• Values of continuum extrapolated universal quantities can be com-
pared to results obtained in different schemes thus validating our
approach.
• At finite lattice spacing and small bare coupling the Monte-Carlo
simulations must reproduce the perturbative results. This allows for
very nontrivial tests of the simulation code.
• Perturbative results for the critical mass and the renormalized cou-
pling help significantly in tuning the simulation parameters in order
to stay on a line of constant physics while taking the continuum limit.
For the calculation the “Majorana language” (as defined in 2.29) is used. It
seems to be the natural choice in this model and calculations are slightly
easier than in the form with Dirac fields.
The perturbative renormalization of the chiral model in the Schrödinger
functional renormalization scheme is described in great detail in [53] and
therefore omitted in this thesis.
5.1 Lattice perturbation theory





















>(x)Cξ(x))2 is the Gross-Neveu interaction term. For small

































+ O(g6) , (5.3)
is obtained. Here 〈.〉(0) denotes the expectation value in the free theory. With
the knowledge of the free propagator










and the Wick theorem, equation (5.3) can be evaluated for arbitrary observ-
ables.















Analytic expressions for these propagators were obtained in [84]. This
calculation is repeated in appendix B.5. The result is
Ğ(x0, p1) = h0(x0, p1)γ1 + h+(x0, p1)P+ + h−(x0, p1)P− (5.7)
a
G(p0, x1) = h̄0(p0, x1)γ0 + h̄+(p0, x1)Q+ + h̄−(p0, x1)Q− , (5.8)
with the projectors P± = 12 (1 ± γ0) and Q± =
1
2 (1 ± γ1). The coefficient
functions are given by
h±(x0, p1) = (1 + M1) f (x0, p1) − f (x0 ± a, p1) (5.9)
h0(x0, p1) = −ip̊1 f (x0, p1) (5.10)
h̄±(p0, x1) = (1 + M0) f̄ (p0, x1) − f̄ (p0, x1 ± a) (5.11)
h̄0(p0, x1) = −ip̊0 f̄ (p0, x1) (5.12)
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with Mµ = m0 + a2 p̂
2
µ and the scalar functions
f (x0, p1) =
−1










Finally the angles α and ᾱ are determined by
α = acosh
12




1 + M0 + 1 + p̊201 + M0
 . (5.16)
5.2 Two point functions




4) and the related kµ, k̄S and k̄µ (For the definition
see section 2.2.4) one obtains
k(0)S (x0, p1) = h+(x0, p1) + h−(x0, p1) (5.17)
k(0)0 (x0, p1) = h+(x0, p1) − h−(x0, p1) (5.18)
k̄(0)S (p0, x1) = h̄+(p0, x1) + h̄−(p0, x1) (5.19)
k̄(0)1 (p0, x1) = h̄+(p0, x1) − h̄−(p0, x1) (5.20)
at tree level. The one loop correction to kS is given by the Feynman-diagram
in figure 5.1 (The Feynman rules and a detailed example-calculation can be





















0k(1)S (x0, p1) ∝
Figure 5.1: The one loop diagram contributing to kS.
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This can be further simplified leading to the following expressions




h+(x0 − y0, p1)h+(y0, p1)
+h−(x0 − y0, p1)h−(y0, p1)
−2h0(x0 − y0, p1)h0(y0, p1)
)
K (5.22)




h+(x0 − y0, p1)h+(y0, p1)
−h−(x0 − y0, p1)h−(y0, p1)
)
K (5.23)




h̄+(p0, x1 − y1)h̄+(p0, y1)
+h̄−(p0, x1 − y1)h̄−(p0, y1)
−2h̄0(p0, x1 − y1)h̄0(p0, y1)
)
K (5.24)




h̄+(p0, x1 − y1)h̄+(p0, y1)
−h̄−(p0, x1 − y1)h̄−(p0, y1)
)
K . (5.25)




















If the value of K is known for a series of lattices, the continuum limit and the
leading lattice artifacts can be extracted numerically. For this extraction the
method introduced in [11] is used. The numerical values that enter the pro-
cedure and the final result are summarized in table C.6 in the appendix C.2.
The result is (for L = T, m0 = 0, all quoted digits are significant)
K = K0 + 0.2821
a4
L4
+ O(a6), K0 = 0.3849001794598 . (5.27)
5.3 Perturbative renormalization
To obtain finite and universal results in the continuum limit with Wilson-
fermions it is necessary to fix the additive mass renormalization constant,
the multiplicative wave-function renormalization constant and to take the
limit while keeping some renormalized coupling fixed.
The additive mass renormalization can be fixed by the requirement that
the quantity kS or k̄S vanishes for some choice of the arguments (at which it
does not vanish due to some other symmetry). These quantities are plotted
in figure 5.2
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Figure 5.2: Sensitivity of kS and k̄S to the bare mass m0 for different choices
of arguments. The plot shows the one loop result for the N = 8 Gross-
Neveu model on a 48 × 48 lattice with the bare coupling set to g = 0.4.
The situation is qualitatively the same for all values of the coupling in the
interval g ∈ [0, 1].
for several choices of arguments. From this plot and similar plots with
different choices of N , g, L/a it appears, that kS(T/4, 0) is most sensitive to
changes of the bare mass in the regions of interest. Moreover quantities at
higher momentum are expected to have bigger lattice artifacts. Therefore
in this work the additive mass renormalization is fixed by
kS(T/4, 0)|m0=mc
!
= 0 . (5.28)




for x0 ∈ 0 . . .T − 1 (5.29)
h−(x0, 0) = −
1
2
for x0 ∈ 1 . . .T . (5.30)
Hence from equation (5.17) one obtains at tree level
m(0)c = 0 . (5.31)














= 0 . (5.32)
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That means that at one loop the leading cutoff-effects for the critical mass
are only proportional to (L/a)4 in this scheme.
To fix the wave function renormalization constant Zψ one can require
(k0)R(T/2, 0) = Z−1ψ k0(T/2, 0) to assume the value 1 at m0 = mc. With this














= 1 . (5.36)














= −(N − 1)K . (5.38)















= 0 . (5.39)
The absence of a divergence is in agreement with [55]. In the scheme that
was used by those authors (i.e. dimensional regularization) the one loop




and k(1)0 is not a coincidence. In fact it
happens for all the two point functions kX and k̄X (X ∈ {S, µ}, ΓX ∈ {1, γµ}).














In case of the two point functions it means that only the diagram shown in

















Figure 5.3: Contribution to the derivative of kX with respect to the bare
mass.
Multiplied with m(1)c one obtains exactly −k
(1)
X (x0, p1).
Due to these cancellations at m0 = mc the renormalized two point func-








+ O(g4) . (5.42)
In order to keep the physical volume fixed while taking the contin-
uum limit it is necessary to stay at a constant value of some renormalized












The diagrams at order g0 vanish due to time inversion symmetry and an-







Figure 5.4: Tree-level contribution to g2R.
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a (h+(T/2 − x0)h+(x0) + h−(T/2 − x0)h−(x0))2
= g2 . (5.44)










































Figure 5.5: 1 loop contributions to g2R.
Again the contribution G(4) vanishes due to antiperiodicity and time


































The remaining sums have to be performed numerically. Again the asymp-








































There is no divergence in these two diagrams. Wherever exact coefficients
like 1/2π appear, they were seen numerically to at least 10 digits and then
assumed to be exact.



























































(N − 1)K . (5.50)
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= 2a , (5.51)
and therefore (like with the two point functions before) the diagrams G(3)












An important tool to carry out nonperturbative numerical calculations in
quantum field theories is the Monte-Carlo simulation. The general ideas be-
hind the method and many practical algorithms as well as error-estimation
are covered in numerous textbooks (e.g. [64, 52, 8]).
In the Gross-Neveu model with auxiliary-field action (2.33) and with the







where O[σ] is some arbitrary observable. A typical importance sampling










O[σ(i)] = 〈O〉 . (6.2)
In most cases this sequence is obtained from a Markov process. A config-
uration σ is followed by a configuration σ′ with the transition probability
W(σ → σ′). The Monte-Carlo algorithm provides in some way the Markov-




e−S[σ] W(σ → σ′) = e−S[σ
′] (6.3)
2. ergodicity
Wn(σ → σ′) > 0 ∀σ,σ′ (6.4)
with some fixed number of transitions n.
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Of course in order to be a proper probability W has to be non-negative and∑
σ′ W(σ → σ′) = 1. Often instead of the stability criterion the more strict
detailed balance criterion is used (which implies stability)
e−S[σ] W(σ → σ′) = e−S[σ
′] W(σ′ → σ) . (6.5)
In practice the number of configurations (i.e. the n in eq. 6.2) is limited
to some finite value. This introduces statistical errors into the Monte-Carlo
estimates. For all primary and derived observables that are calculated
within this thesis the method introduced in [86] is used to estimate these
errors precisely including autocorrelation effects.
The Gross-Neveu model has been used as a testground for fermion algo-
rithms before. Among the tested methods were the Langevin algorithm [6],
the pseudo-fermion algorithm [14] and the Kramers equation algorithm [5].
A variant of the chiral Gross-Neveu model has been studied with the hybrid
Monte-Carlo method [36].
6.1.1 A global acceptance algorithm
The simplest algorithm that one can think of for the N flavor Gross Neveu
model with Wilson fermions has the following three steps (it can be easily
extended to the chiral Gross-Neveu model and to different formulations,
e.g. staggered fermions):








2. A proposal is constructed according to
σ′(x) = cos(Φ) σ(x) + sin(Φ) σ̄(x) , (6.7)
where σ is the old configuration. Φ is a free parameter of the algorithm
that should be tuned to minimize the autocorrelation times of the
algorithm.
3. The proposal is accepted with the probability
Pacc(σ → σ′) = min
{
1,
det(DW + m0 + σ′)N
det(DW + m0 + σ)N
}
(6.8)
Hence the total probability to obtain a configuration σ′ starting from a
configuration σ is









det(DW + m0 + σ′)N




otherwise the old configuration is kept. Clearly the algorithm is ergodic for


















operations. Hence the algorithm is feasible only for
relatively small lattices and basically only in two dimensional systems.
For larger lattices one could replace the exact determinant by a stochastic
estimate as has been done in [45].
The parameter Φ was introduced because without it (Φ = π/2) the
acceptance drops down rapidly when the coupling or the lattice size become
larger. How the autocorrelation time depends on this parameter is shown
in figure 6.1. When it is too small the autocorrelations are high due to a
low acceptance. When it is too large the autocorrelations are high because
the new configuration is dominated by the contribution of the old one. In
between an optimal value can be found which however also depends on
the other simulation parameters of the theory.
The main advantages of this algorithm are its simplicity and the fact that
all even values ofN are accessible. The Pfaffian that would occur for oddN
instead of the determinant is unfortunately not always positive, therefore
the Boltzman weight cannot be interpreted as a probability, which makes
Monte-Carlo simulations with common methods impossible.
The main drawbacks are its high computational costs, and that for larger
lattices the angle Φ has to be chosen very small in order to get any acceptance
at all. For small lattices this algorithm provides an independent check
for the results obtained with the more sophisticated Hybrid Monte-Carlo
algorithm described in the next section.
6.1.2 Hybrid Monte-Carlo algorithm
The hybrid Monte-Carlo algorithm has been introduced by S. Duane, A.D.
Kennedy, B.J. Pendelton and D. Roweth [23]. It foots partially on ideas
developed in [66, 29].
In the following a variant of the algorithm is developed for the Gross-
Neveu model with Wilson fermions. Subsequently variants of the algorithm
for the chiral Gross-Neveu model and for the staggered discretization are
proposed.



















Figure 6.1: The integrated autocorrelation time of the observable 〈σ〉 is
plotted for different values of the angle Φ. The simulations were done in
the Thirring model with Wilson fermions on an 8 × 8 lattice with g = 0.3
and m0 = −0.0167.
with the auxiliary field action action




The fermion matrix D B [DW + m0 + σ] is real if the γ-matrices are in







2g2 det(DW + m0 + σ)N . (6.13)
Since the determinant can be written as the square of a real Pfaffian, it must
be positive, hence det D = det
√
D>D. Therefore one can introduce N real
















dφ(i)α (x) . (6.15)
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In the next step the partition function is multiplied by a 1 in the form of a




is considered. The new field p plays the role of a conjugated momentum















One update of the HMC-algorithm consists of the following steps
1. Generate momenta randomly from a probability distribution ∝ e−p
2/2
2. Draw Gaussian random numbers from a distribution ∝ e−η
2
and gen-
erate pseudo-fermion fields according to φ(i) = Dη.
3. Calculate the evolution of the fields σ and p according to Hamilton’s
equations of motion from time t to time t+τ. (This time has no physical
meaning).
4. Take the resulting configuration as a proposal, which is accepted with




, where ∆H is the energy
difference between the old and the new configuration (which would
be zero if the integration was performed exactly).





= p(x) . (6.18)































= 0 , (6.20)
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(y, z) = δy,xD>αβ(y, z) + Dαβ(y, z)δz,x (6.22)















C F(x) . (6.24)
with
ϕ(i) = [DD>]−1φ(i) . (6.25)
The quantity F is the force that drives the system.
The integration of the equations of motion can be only done numeri-
cally. Detailed balance has been proven for the algorithm assuming that
the numerical integration scheme is area preserving and reversible [23].
The simplest of such integration schemes is the leapfrog integrator. In
this scheme the time interval [t, t + τ] is divided into Ntraj pieces of length
∆τ = τ/Ntraj and the integration is carried out according to the following
scheme
• First a half step in the momenta:




• Then N − 1 full steps according to the recursion
σ(x)[t+∆τ] = σ(x)[t] + ∆τ p(x)[t+∆τ/2] (6.27)
p(x)[t+3∆τ/2] = p(x)[t+∆τ/2] + ∆τF(x)[t+∆τ] (6.28)
• At last a full step for σ is followed by a half step for p
σ(x)[t+τ] = σ(x)[t+τ−∆τ] + ∆τ p(x)[t+τ−∆τ/2] (6.29)




The same scheme with the roles of p and σ interchanged is also possible.
The symmetric structure of this integrator is responsible for the cancella-






The most expensive part of the algorithm are the inversions in (6.25). At
each step of the trajectory this sparse linear system of equations needs to




Hybrid Monte-Carlo works with the chiral Gross-Neveu model almost iden-































where D = DW + m0 + σ + iγ5Π + /A with the auxiliary fields Π, σ and Aµ
and their conjugate momenta pσ, pΠ and pAµ . The pseudo-fermions in this
case are complex, because det D cannot be written as the square of a real
Pfaffian anymore. Therefore only even values of N can be simulated. The
equations of motion are
σ̇(x) = pσ(x) (6.32)
Π̇(x) = pΠ(x) (6.33)





























ϕ = (DD†)−1φ . (6.38)
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Staggered fermions
For simulations of the chiral Gross-Neveu model with staggered action 3.74
the following equations of motion emerge
σ̇(x) = pσ(x) (6.39)
Π̇(x) = pΠ(x) (6.40)

























































ϕ = (KK†)−1φ . (6.46)
6.2 Implementation and tests of the code
The implementation of a Hybrid-Monte-Carlo program for the Gross-Neveu
models with Wilson and staggered fermions has been one of the main
achievements of this thesis. The Wilson-fermion version in C with MPI for
the Gross-Neveu model alone has got roughly 6000 lines of code. To guar-
antee that the whole software package does what it is supposed to do many
tests were performed.
The Dirac operator
The key routine of every version of the code is a function that applies the
Dirac operator D or D> to a real or complex pseudo fermion field. The same
routines were implemented independently in matlab in order to perform
crosschecks. Since this routine is called in every iteration of the CG-solver,
some care is necessary with regard to the optimization.
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The CG-solver
The conjugate-gradient method (see e.g. [73] for a comprehensible intro-
duction) is used to solve linear systems of the form
(DD>)x = b , (6.47)
for x. That is equivalent to calculate the inverse applied to a given source
x = (DD>)−1b which is necessary in every step of the leap-frog integrator.
To test the solver the convergence rate was monitored and the expected
behavior was found. The number of iterations needed to reach a certain rel-
ative precision was proportional to the square-root of the spectral condition
number of DD>.
For the stopping criterion [4] was consulted.
Leap-frog integrator
Since the system to integrate is a Hamiltonian one, the energy is conserved.
The difference ∆H has to decrease when the size of the integration steps
is reduced. This is a good test for the integrator. Figure 6.2 shows the
observed behavior which agrees well with the expectations thus indicating
that the equations of motion were derived correctly and that the integrator
works properly.
Observables
The implementation of the observables is not always straightforward. The
current-current correlators with Noether-currents and Wilson fermions for
instance are quite complex. To exclude the possibility of errors the routines
were called with a vanishing auxiliary field, thus producing the free-theory
results which can be compared with analytic calculations (like in figs. 6.3
and 6.4). Wherever one loop perturbative results were available, the Monte-
Carlo results were compared with the bare perturbative ones on a small
lattice and a series of small couplings. The last test probes not only the
observable-routines but the whole Monte-Carlo code. Figures 6.5 - 6.8
show this comparison with bare perturbation theory for the Thirring model
with Wilson fermions. The data shown there can be found in tabular form
in the appendix C.3.
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Figure 6.2: The same leapfrog integration has been performed with a fixed
trajectory length τ = 1 and different step-sizes ∆τ = τ/50 . . . τ/100. As




























Figure 6.3: The plot shows the continuum extrapolation of the current-
current correlators measured with Wilson-fermions in the free theory.
Noether currents were used. The extrapolated continuum value is in perfect
agreement with the analytic continuum prediction (asterisk).
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Figure 6.4: The correlator k0(T/4, 2π/L) was measured with vanishing aux-
iliary field on several lattices with Wilson and with staggered fermions. In
both cases the data extrapolates to the common continuum value.


















Figure 6.5: For small bare couplings g the Monte Carlo simulation repro-
duces the perturbative results for Z2ψgR.
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Figure 6.6: For small bare couplings g the Monte Carlo simulation repro-
duces the perturbative results for k0(T/2, 0).



















Figure 6.7: For small bare couplings g the Monte Carlo simulation repro-
duces the perturbative results for kS(T/4, 0).
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Figure 6.8: For small bare couplings g the Monte Carlo simulation repro-
duces the perturbative results for k̄1(π/T,L/4).
Other tests of the code
Sometimes the expectation value of an observable is known. Such observ-
ables usually provide very nontrivial tests of the code. The following list
of observables has been measured in every simulation of the Gross-Neveu




kS(T/2, p1) = 0 (6.49)
Rek1(x0, p1) = 0 (6.50)
Rek̄0(p0, x1) = 0 (6.51)
k̄1(p0,L/2) = 0 (6.52)
Thermalization
Unless one does not start with an auxiliary field configuration for which
the Dirac operator is nearly singular, there are no troubles with thermaliza-
tion. Independent of the starting configuration compatible mean values are
obtained for all observables when the first configurations are ignored (in
2d one can afford to discard the first few hundred). For the Gross-Neveu
model there are two particularly convenient starting points. One is to start
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from a “quenched” configuration (i.e. generate Gaussian auxiliary fields).
The other is to start from a constant auxiliary field that has the large-N
expectation value of σ. Figure 6.9 shows how two different starts lead to
the same result.




















Figure 6.9: In the Thirring model the hot start is usually closer to the mean
value, because the γ5 symmetry is unbroken (in contrast to the situation at
large-N).
Algorithmic troubles
Although the operator DD> is positive definite it can happen that its lowest
eigenvalue becomes extremely small, leading to a very bad conditioning
number of DD>. This happens for instance in the Thirring model when
the bare coupling is increased. When the leap-frog integrator runs into a
region of configuration space where this happens, it fails to calculate the
trajectory accurately and a high value of ∆H is obtained. In extreme cases
the operator can become nearly singular, and the solver fails to converge
at all. In these cases the reversibility of the integration scheme is violated
and the corresponding runs are worthless. Figure 6.10 shows how with
increasing g simulations become less and less feasible. Similar problems
have been also observed in QCD simulations [41, 22]. The spikes become




























Figure 6.10: This figure shows how the energy difference between start-
ing point and ending point of a trajectory develops spikes when the bare
coupling is increased. It was generated in the Thirring model with Wilson
fermions on a 8× 8 lattice. The bare mass was set to the 1-loop perturbative
value. The leap-frog integration step ∆τ was kept constant.
In the Gross-Neveu models with N > 1 the HMC algorithm has got
problems with ergodicity when the bare coupling is increased. In large-
N the γ5-symmetry is spontaneously broken even in finite volume. This
cannot happen at finite N. Instead there are two preferred values around
which kS fluctuates. Due to tunnelings between these two positions the
mean value should be 0. Unfortunately when the bare coupling is increased,
the number of tunnelings per Monte-Carlo-time drops down. Eventually
the algorithm is stuck in only one of the two minima throughout the whole
run. The situation is visualized in figure 6.11 for the case of staggered
fermions, where the γ5-symmetry is realized already at finite lattice spacing.
With Wilson fermions the situation is similar, but the consequences are
more severe. The critical mass is defined by the vanishing of kS(T/4, 0). If
the tunnelings happen rarely, the autocorrelation times of this observable
are enormous and it cannot be estimated precisely enough. Although the
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algorithm in principle stays ergodic, the enormous autocorrelation times of
certain observables make meaningful simulations impossible.
Observables that are even under the γ5-symmetry (like k0 or the renor-
malized coupling) should not suffer under this lack of ergodicity. This






















Figure 6.11: The figure shows how the HMC-algorithm looses ergodicity
when the bare coupling is increased. These short runs were performed in the
N = 4 Gross-Neveu model with staggered fermions. The plotted observable
should average to zero for all values of g due to the γ5 invariance that is
preserved by the staggered discretization.
6.3 Simulations of the chiral Gross-Neveu model
To perform a continuum limit in the chiral Gross-Neveu model with Wilson
fermions four parameters need to be tuned simultaneously. The couplings
gS and gV control the lattice spacing and distinguish between different
continuum limits of the chiral Gross-Neveu model, while the ratio gS/gP
and the bare mass parameter m0 are fixed by the enforcement of chiral
symmetry. With staggered fermions the additive mass renormalization
does not apply.
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One of the negative results of this work has been that this tuning of four
free parameters is not feasible in practice, at least not if one is interested
in high precision results. The simulations that were performed in this
model in the Schrödinger functional setup have only been used to test the
code against bare perturbation theory [54, 53]. These few results are not
presented in this thesis, instead the text continuous with the discussion of
the O(N) Gross-Neveu model which was found much more suitable for
high precision calculations.
6.4 Simulations of the N > 1 Gross-Neveu model
With Wilson fermions Gross-Neveu models with an arbitrary value of N
can be simulated. With staggered fermions only values of N are possible
that are multiples of 4. Results are available for Wilson fermions.
At N = 4 the following bare quantities were measured
kS(T/4, 0), kS(3T/4, 0), kS(T/4, 2π/L), kS(3T/4, 2π/L),
k̄S(π/T,L/4), k̄S(π/T, 3L/4),
k0(T/4, 0), k0(T/2, 0), k0(3T/4, 0),
k0(T/4, 2π/L), k0(T/2, 2π/L), k0(3T/4, 2π/L),




Symmetries, i.e. axis reversals and (anti)periodicity, imply that
kS(T/4, p1) = −kS(3T/4, p1) (6.53)
k̄S(p0,L/4) = k̄S(p0, 3L/4) (6.54)
k0(T/4, p1) = k0(3T/4, p1) (6.55)
k̄1(p0,L/4) = −k̄1(p0, 3L/4) . (6.56)
These symmetries are not realized on each configuration individually but
only in average. That the values are really compatible within the errors
provides a further test of the simulation code. After this check, the data
























for p1 = 0 and p1 = 2π/L. Simulations were done at two different values of
the renormalized coupling gR as defined in 5.43. For each value simulations
were carried out on a series of lattices with sizes L × T = 16 × 16, 24 × 24,
32 × 32, 40 × 40 and 48 × 48. For each lattice the bare mass m0 has been
tuned to its critical value, such that kS(T/4) = 0 within statistical errors. A
first guess is given by the perturbative value m0 = g20m
(1)
c . An example for
the tuning process is depicted in figure 6.12.





















PT, m(0)c + g2m
(1)
c
Figure 6.12: The tuning of the bare mass to its critical value. This example
is associated with the Thirring-model on a 48 × 48 lattice.
To obtain the same value of gR on every lattice (again up to statistical
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errors), the bare coupling g needs to be adjusted properly. Again a first guess
is given by perturbation theory. The β-function is known to 3-loops [55] and
the first two coefficients are scheme independent1. To one loop the change
in the bare coupling while going from a lattice of size L/a to a lattice of size
L/a′ is approximately given by






In the appendices C.4.2 and C.4.1 all the runs required for the tuning are
summarized in tabular form.
Once the values of m0 and g are known for the series of lattices, the
renormalized observables (6.57) on these lattices can be used to extrapolate
to their continuum values. Several examples are shown in the figures 6.13 -
6.15.
The functional form of the extrapolations in asymptotically free the-
ories is dictated by Symanzik’s effective theory [78]. Since no order a
improvement has been implemented, the expected leading cutoff effects
with Wilson fermions are linear in a/L. However, all mass-dimension three
operators with the symmetries of the Wilson action like (ψ̄ψ)3, (ψ̄ψ)(ψ̄/∂ψ)
or (ψ̄γµψ)(ψ̄γµψ)(ψ̄ψ) are odd under the discrete γ5 symmetry. Since this
symmetry is realized up to lattice artifacts due to the normalization condi-
tion 5.28 these operators should not contribute to the linear cutoff effects
in simulations at m0 = mc. Along the lines of argumentation presented
in [28, 21] one can argue, that operators which are even under the γ5 sym-
metry and for which one cannot find an order a term in the Symanzik
expansion are automatically order a improved. The correlators kµ and k̄µ
as well as the current-current correlators f̆µν belong to this class, which
explains the functional form of the extrapolations in the figures. Fits linear
in a2 have all acceptable χ2-values. Quantities that are odd under the γ5
symmetry vanish in the continuum limit with a rate proportional to a. For
the extrapolations order a and also subleading cutoff-effects of order a2 are
considered.
A summary of the continuum results is given in table 6.3. As expected
all continuum values of (kS)R and (k̄S)R are compatible with zero, reflecting
the fact, that the discrete chiral symmetry of the model is restored in the
continuum limit.
1That is only the case if the renormalized couplings in the different schemes are connected
perturbatively, i.e. gR =
∑
i ci g̃iR and vice versa.
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Figure 6.13: The quantity (k0)R(T/2, 2π/L) at gR = 0.443


























Figure 6.14: The quantity (k0)R(T/4, 2π/L) at gR = 0.443
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Figure 6.15: The quantity (k̄1)R(π/T,L/4) at gR = 0.443
Doubling the number of lattice sites in each direction while the other





B g2R(2L,L/a) . (6.64)












The extrapolation is shown in figure 6.16. Since the step-scaling function
and the β function of a theory are related to each other, there also exists a
relation between their expansion coefficients in perturbation theory [57]. If
the expansions are






R + . . . (6.66)








R + . . . , (6.67)
then the coefficients σi can be obtained from the bi. In [57] this relation has
been worked out for the first three coefficients
σ0 = b0 log s (6.68)
σ1 = b20 (log s)
2 + b1 log s (6.69)




b0 b1 (log s)2 + b2 log s . (6.70)
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The first two coefficients of the β-function are scheme independent, hence









can be used to calculate the first two coefficients of the step-scaling function
and compare them to the nonperturbative result, as is done in the figure.



























Figure 6.16: The continuum extrapolation of the step-scaling function at
gR = 0.44 and comparison with 2-loop perturbation theory.
6.5 Simulations of the massless Thirring model
Thirring model (i.e. the Gross-Neveu model with N = 1) the same quanti-
ties as in the Gross-Neveu model are measured and in addition the current-
current correlators as defined in 2.52. The tuning of the bare parameters is
simpler than in the previous case, because the β-function of the Thirring-
model vanishes and hence the simulations on different lattices are per-
formed at the same value of the bare coupling g. The two data-points
presented below correspond to bare couplings g = 0.4 and 0.7 or renormal-
ized couplings gR = 0.411 and 0.779 (This is the finite renormalization that
has been observed already in perturbation theory 5.3). The mass needs to
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be tuned also in this model. There are two possibilities. The first is, to
tune the bare mass parameter on every lattice separately. The second, to
use the value of the finest lattice for all the lattices. The two methods differ
only in their lattice artifacts (figure 6.17 shows a typical example). These
artifacts are smaller with the first method, which however is much more
demanding. Nevertheless the numbers quoted below in table 6.4 were all
obtained with the first method.
Although the Thirring model is not asymptotically free, the same func-
tional form of the lattice artifacts is assumed as in the N > 1 Gross-Neveu
models. This is supported by perturbation theory. The χ2-values of the fits
are all acceptable.

























Figure 6.17: The figure shows continuum extrapolations for the quantity
(k0)R(T/2, 2π/L) with the two different methods of fixing mc. The first
method is to tune the bare mass to its critical value on each lattice sep-
arately. With the second method the value obtained on the finest lattice is
used for all coarser lattices too.
In the Thirring model there exist detailed predictions for the current-
current correlator. Using Noether-currents the quantities
f̆00(T/2, 0) =
〈
j̆0(0, 0) j̆0(T/2, 0)
〉
and f̆11(T/2, 0) =
〈
j̆1(0, 0) j̆1(T/2, 0)
〉
were measured (which is quite expensive if one avoids stochastic estima-
tors) and compared to the predictions. The continuum extrapolations for
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one of the points are shown in figures 6.18 and 6.19, while the comparison
with the exact prediction is given in figure 6.20.
























Figure 6.18: The continuum extrapolation of the correlator f̆00(T/2, 0).
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Figure 6.19: The continuum extrapolation of the correlator f̆11(T/2, 0).
6.6 Simulation results
In the following the main findings of the simulations with Wilson fermions
are summarized. First the results of the tuning are presented and afterwards
universal predictions for the N = 4 Gross-Neveu and the Thirring model
are made.
6.6.1 Results of the tuning
The following tables show the nonperturbatively estimated values of the
critical mass in the Thirring model and both the critical masses and the bare
couplings for the N = 4 Gross-Neveu model. The complete list of simula-




0.4 16 −0.06295 ± 0.00008
0.4 24 −0.06298 ± 0.00011
0.4 32 −0.06301 ± 0.00018
0.4 40 −0.06301 ± 0.00093
0.4 48 −0.06303 ± 0.00047
0.7 16 −0.203 ± 0.011
0.7 24 −0.2031 ± 0.0022
0.7 32 −0.2033 ± 0.0016
0.7 40 −0.2041 ± 0.0046
0.7 48 −0.2043 ± 0.0076
Table 6.1: Critical masses in the Thirring model with Wilson fermions.
gR g L/a mc
0.442 0.430 ± 0.002 16 −0.5085 ± 0.0027
0.420 ± 0.002 24 −0.4846 ± 0.0056
0.415 ± 0.002 32 −0.473 ± 0.015
0.405 ± 0.002 40 −0.450 ± 0.029
0.400 ± 0.002 48 −0.439 ± 0.066
Table 6.2: Critical masses and the tuning of the bare coupling in the N = 4
Gross-Neveu model with Wilson fermions.
The errors on mc require some explanation. The tuning is such that
kS(T/4, 0) = 0 within its statistical error ∆kS. The quoted error ∆mc on mc is
determined by
















For the derivative the tree level perturbative value is used. For the errors
on g the tree level value of the derivative ∂gR∂g = 1 was used.
6.6.2 Universal predictions
Continuum extrapolated universal quantities in the asymptotically free N =
4 Gross-Neveu model are presented in table 6.3, while table 6.4 shows the
results for the massless Thirring (i.e. the N = 1 Gross-Neveu) model. The
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step scaling function has been measured only in the first model, the current-
current correlators only in the second one. The values obtained for these
correlators are compared to the analytic continuum solution in figure 6.20.
The actual simulation results that enter the extrapolations and the cor-
responding plots can be found in the appendix C.5.
gR Observable continuum value
0.442 (kS)R(T/4, 2π/L) 0.0012 ± 0.0011
(k̄S)R(π/T,L/4) 0.0058 ± 0.0057
(k̄S)R(π/T,L/2) 0.0036 ± 0.0043
(k0)R(T/4, 0) 1.00421 ± 0.00034
(k0)R(T/4, 2π/L) 0.22002 ± 0.00011
(k0)R(T/2, 2π/L) 0.087889 ± 0.000050
(k̄1)R(π/T,L/4) 0.38183 ± 0.00021
σ(g2R, 2) 0.2295 ± 0.0071
Table 6.3: Universal predictions for the N = 4 Gross-Neveu model.
g Observable continuum value
0.4 (kS)R(T/4, 2π/L) 0.00063 ± 0.00020
(k̄S)R(π/T,L/4) −0.00051 ± 0.00094
(k̄S)R(π/T,L/2) 0.00008 ± 0.00072
(k0)R(T/4, 0) 1.000288 ± 0.000097
(k0)R(T/4, 2π/L) 0.216768 ± 0.000026
(k0)R(T/2, 2π/L) 0.086382 ± 0.000027
(k̄1)R(π/T,L/4) 0.377783 ± 0.000055
f̆00(T/2, 0) 0.48576 ± 0.00014
f̆11(T/2, 0) −0.45144 ± 0.00045
0.7 (kS)R(T/4, 2π/L) 0.0031 ± 0.0026
(k̄S)R(π/T,L/4) 0.012 ± 0.013
(k̄S)R(π/T,L/2) 0.007 ± 0.010
(k0)R(T/4, 0) 1.0043 ± 0.0013
(k0)R(T/4, 2π/L) 0.21974 ± 0.00041
(k0)R(T/2, 2π/L) 0.08784 ± 0.00022
(k̄1)R(π/T,L/4) 0.38180 ± 0.00078
f̆00(T/2, 0) 0.43326 ± 0.00096
f̆11(T/2, 0) −0.4803 ± 0.0030
Table 6.4: Universal predictions for the massless Thirring model.
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← gcont = 0
← gcont = 1.0
← gcont ≈ 0.415
← gcont ≈ 0.782
extrapolated continuum values
exact solution
Figure 6.20: The plot shows the universal curve f̆00(T/2, 0) versus f̆11(T/2, 0).
The values depend on the coupling gcont of the continuum theory. The
analytic solution is plotted between gcont = 0 and gcont = 1. The two data-




In the first part of this work the Gross-Neveu models and different possi-
bilities of their discretization were introduced. It has been shown in the
limit of an infinite number of flavors that all the considered discretizations,
i.e. with Wilson, with staggered and with overlap fermions, reproduce the
same continuum result. The quantity that was compared in this study is a
finite volume observable similar to the Lüscher-Weisz-Wolff-coupling. It is
closely related to the dynamically acquired fermion mass.
The main part of the thesis was concerned with the perturbative and
nonperturbative renormalization of the Gross-Neveu model with an arbi-
trary number of flavors. A finite volume position-space renormalization
scheme was set up carefully and tested in lattice perturbation theory with
Wilson fermions at one loop. It has been shown that the renormalized cou-
pling in this scheme exhibits the well known universal divergence at one
loop for all Gross-Neveu-models with N > 1. The N = 1 model, which is
equivalent to the Thirring model, plays a special role. It has got a vanishing
β-function and needs only a finite coupling renormalization.
On the non-perturbative side, simulation codes for the Monte-Carlo
simulations of the Gross-Neveu and chiral Gross-Neveu models with stag-
gered and with Wilson fermions were developed and tested. The Monte-
Carlo method that was mainly employed was a Gross-Neveu version of the
Hybrid-Monte-Carlo algorithm. It is well suited for simulations of these
models in small and intermediate volumes, but becomes less effective - and
in the end even useless, when the volumes get too large. The situation is
similar to massless QCD in the Schrödinger functional setup, where simu-
lations are feasible only when the temporal direction is “short” enough.
The model with a continous chiral symmetry seems to have more in
common with massless QCD, but unfortunately has turned out to be un-
favorable when it comes to high precision Monte Carlo simulations. The
reason lies in its high number of free parameters in the action. With Wilson
fermions a simultaneous adjustment of four parameters would be neces-
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sary in order to take a controlled chiral continuum limit. Therefore the
main attention in this thesis was put on the O(2N) symmetric model, for
which the nonperturbative renormalization procedure has been carried out
for the Wilson case in the N = 1 (Thirring) and in the N = 4 Gross-Neveu
model. It has been shown that the employed position space renormaliza-
tion scheme is very well suited for high precision computations. For both
values of N plenty of universal finite volume observables were calculated
quite accurately. These can be compared with results obtained in different
schemes in the future. In addition in the exactly solvable Thirring model
recent analytical results for the current-current correlator in finite volume
were confirmed by the Monte-Carlo simulations.
There are several interesting paths that one could pursuit in the future.
All expansions (i.e. large N as well as perturbation theory) could be ex-
tended to the next orders. Especially interesting would be to investigate
whether the different discretizations still lead to the same continuum results
when the first 1/N correction is taken into account. Insights on the question
how - if at all - the O(2N) symmetry is restored in the continuum limit of
the Gross-Neveu model with staggered fermions could be gained.
A different research direction concerns the applied algorithms. The
widely used HMC algorithm has certain problems with the Gross-Neveu
models when the bare coupling gets too large. Almost every improvement
that one could get here would carry over to QCD simulations. A possible
improvement that however is restricted to the Gross-Neveu model, would
be to test different factorizations of the four fermion term. Auxiliary fields of
the Ising-type could prove advantageous for the Thirring model. When no
significant progress in algorithms can be made, there is still the possibility
to switch to the massive Gross-Neveu models which should be much easier
to simulate. Controlled extrapolations to zero mass would require major
efforts on both the simulation and the theory side.
The maybe most interesting and most straightforward task would be to
try to reproduce the obtained results with different fermion actions. With
ordinary staggered fermions one should be able to reproduce the N = 4
numbers, while the N = 1 model would require a rooting-procedure. With
the available tools this investigation seems to be within reach.
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In the following the lattice notation used throughout the thesis is intro-
duced.
On a d-dimensional lattice with lattice spacing a a vector of length a that
is parallel to the axis µ is denoted by µ̂. The lowest order approximations
to the partial derivative ∂µ are given by either the forward derivative1
∂µ f (x) B
f (x + µ̂) − f (x)
a
, (A.1)
or the backward derivative
∂∗µ f (x) B
f (x) − f (x − µ̂)
a
. (A.2)
With these one can define the symmetric lattice derivative and the second
lattice derivative




∆µ f (x) B ∂∗µ∂µ f (x) =
[∂µ − ∂∗µ]
a
f (x) . (A.4)
Einstein’s summation convention does not apply in the last line. There is no
exact Leibniz rule on the lattice, but one can derive the related expressions
∂µ[ f (x)g(x)] = [∂µ f (x)]g(x) + f (x)[∂µg(x)] + a[∂µ f (x)][∂µg(x)] (A.5)
∂∗µ[ f (x)g(x)] = [∂
∗







∂̃µ[ f (x)g(x)] = [∂̃µ f (x)]g(x) + f (x)[∂̃µg(x)]
+a[∂̃µ f (x)][∂µg(x)] − a[∂∗µ f (x)][∂̃µg(x)] . (A.7)




∆µ[ f (x)g(x)] = [∆µ f (x)]g(x) + f (x)[∆µg(x)]
+[∂µ f (x)][∂∗µg(x)] + [∂
∗
µ f (x)][∂µg(x)]
+a2[∆µ f (x)][∆µg(x)] . (A.8)














These are essentially the lattice difference operators in momentum space
(see appendix A.6 for the conventions concerning Fourier transformation).
More precisely
∂̃µe−ipx = −ip̊µe−ipx (A.11)
∂∗µ∂µe
−ipx = p̂2e−ipx (A.12)
A.2 Traces
In this work many matrices in different spaces occur. When a trace of a
matrix is taken, it is not always clear in which space this is meant. These













trs, f M =
∑
α,i
Mαi,αi spin, f lavor (A.16)
A.3 Pauli matrices



















There is some freedom in the choice of the γ-matrices. Throughout the
whole work a “Majorana” representation is incorporated, in which the














They fulfill the Clifford algebra
{γµ, γν} = 2δµν . (A.19)
The matrix γ5 is given by






It is purely imaginary, hermitian, unitary and anticommutes with γ0 and
γ1.
A.5 The SU(N)
The special unitary group plays an important role in the models studied in
this thesis. This appendix fixes the conventions.
The generators of the Lie algebra su(N)
λ(k), k = 1 . . .N2 − 1 (A.21)







They satisfy the Lie-algebra[
λ(a), λ(b)
]
= i f (a,b,c)λ(c) (A.23)
with f (a,b,c) being the antisymmetric and real structure-constants of SU(N).







 , ω(k) ∈ R . (A.24)
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the generators form an complete (orthogonal) basis in the space of N × N














An useful example is given by















δi jδkl . (A.28)
It makes it possible to write∑
i, j






In the definition of Fourier transformations there is always some freedom
concerning the normalization. In this work the following conventions are
exercised:
Continuum




dx e−ipx f (x) . (A.30)






eipx f̃ (p) . (A.31)
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Finite volume
If the function is defined only in a finite volume f : [0,L]→ R, the boundary
conditions need to be specified. With generalized periodic boundaries










eipx f̃ (p) , (A.33)
where the momentum summation ranges over the momenta p = 2πn+θL ,n ∈
N.
Infinite lattice
If the function is defined only on the points x = na, n ∈ Nwith some lattice
spacing a the transformations take the form
f̃ (p) = a
∑
x






eipx f̃ (p) . (A.35)
Finite lattice
On a finite lattice x = 0, a, . . .L − a the form of the transformation again de-
pends on the choice of the boundary conditions. With generalized periodic
boundaries they are
f̃ (p) = a
∑
x






eipx f̃ (p) , (A.37)
with momenta summed over p = 2πn+θL ,n = 0 . . . L/a − 1.
Two dimensions
Fourier transformation can be easily generalized to two (or more) dimen-
sions. In this thesis we call f̃ (p0, p1) the full two dimensional transformation,
while the variants in which the transformation is performed only along one
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of the directions are called f̆ (x0, p1) and
a
f (p0, x1). When the spatial momen-
tum is zero, sometimes the abbreviation f̆ (x0) ≡ f̆ (x0, 0) is used.
Often the fields to apply the Fourier transform on will be fermion fields
with mass-dimension 1/2, i.e. [ψ] = [a−1/2]. The transformed fields then
have










= [a1/2] . (A.40)
Correspondingly bilinears like the current jµ = ψ̄γµψ or the propagator
have










= [1] . (A.43)













e−ipx = TLδp0,0δp1,0 . (A.45)
Appendix B
Additional Calculations
B.1 Noether currents with Wilson fermions
To derive the Noether current of the U(N)V symmetry with Wilson fermions
the following identities are useful
∂∗µ f (x + µ̂) = ∂µ f (x) (B.1)
∂µ f (x − µ̂) = ∂∗µ f (x) . (B.2)










f (x − µ̂)∂∗µg(x) . (B.4)
In infinitesimal form the U(N)V transformations read
ψ → ψ + iελ(a)ψ (B.5)
ψ̄ → ψ̄ − iεψ̄λ(a) (B.6)
With λ(a) being the traceless, hermitian generators of the SU(N) group or
the unit matrix. The action is not invariant under local transformations






























ψ̄(x + µ̂)λ(a)[1 − a∂µ + a2∆µ]ψ(x + µ̂) (B.8)











ψ̄(x)λ(a)ψ(x + µ̂) − ψ̄(x + µ̂)λ(a)ψ(x)
)
. (B.9)
The flavor singlet current (λ(0) ∝ 1) is simply denoted by jµ. It is easy to see
(assuming that ψ̄ and ψ satisfy the lattice-Dirac-equation) that this current
is indeed conserved
∂∗µ jµ(x) = ψ̄DWψ − ψ̄
←
DW ψ = 0 . (B.10)
B.2 Fierz transformations
The hermitian matrices 1, γ1, γ2 and γ5 form a basis in the space of complex
2 × 2 matrices. One possible realization is:




























The basis matrices fulfill the following orthogonality relation
tr(Ω(A)Ω(B)) = 2δA,B (B.13)











































































This identity can be used to prove the following Fierz-transformation: Let












Some Fierz-transformations that are important when discussing four-
fermion interactions are




ψ̄iψ jψ̄ jψi + ψ̄iγ5ψ jψ̄ jγ5ψi + ψ̄iγµψ jψ̄ jγµψi
)




ψ̄iψ jψ̄ jψi + ψ̄iγ5ψ jψ̄ jγ5ψi − ψ̄iγµψ jψ̄ jγµψi
)
ψ̄iγµψiψ̄ jγµψ j = −
(
ψ̄iψ jψ̄ jψi − ψ̄iγ5ψ jψ̄ jγ5ψi
)
. (B.17)
Using the identity B.16 and solving a simple linear system of equations one
























Here the anomalous Jacobian of an axial U(1) transformation in the chiral




ψ̄(x) → ψ̄(x)e−γ5φ(x) , (B.21)
or in its infinitesimal form
ψ(x) → (1 − γ5δφ(x))ψ(x)
ψ̄(x) → ψ̄(x)(1 − γ5δφ(x)) . (B.22)
The associated Jacobian is
JF = det(1 − γ5δφ(x))−1 = exp[−Tr log(1 − γ5δφ(x))] (B.23)
For infinitesimal δφ its enough to keep the first term of the expansion of the
logarithm
JF = exp[Tr(γ5δφ)] (B.24)
The trace can be evaluated in the basis of orthonormal eigenfunctions of the
Hermitian operator ( /D = /∂ + i /A + i/B)
/Dϕn = λnϕn , (B.25)
where ϕn has got N flavor and two Dirac components. The (continuous)





d2x trs, f (ϕ†n(x)γ5δφ(x)ϕn(x))
 (B.26)
This expression is ill-defined (like ∞ · 0). To make sense out of it, one may

















In this expression λ2n can be replaced by /D
2, because the operator stands
in front of ϕn. The trace is independent of the basis it is evaluated in, in
































the two exponentials cancel each other. In the limit Λ → ∞ only the high
momentum part of the p-integral contributes, so one is allowed to keep just















) 2i/p /D + /D2Λ2
 + . . . (B.30)
Some terms vanish due to the spin or flavor trace (trsγ5 = 0, tr fλi = 0),



































































In the last step it was assumed that either φ or ∂µδφ vanish for xµ → ±∞
Finite transformations can be built up from the infinitesimal ones, but as B
changes after each infinitesimal step, an additional factor of 12 arises. The











B.4 Continuum limit of the chiral Gross-Neveu model
Aoki and Higashijima [3] derived in the large-N approximation, how the
ratio of the couplings gS/gP and the bare mass m0 have to be scaled to obtain
a chirally symmetric continuum limit of the chiral Gross-Neveu model with
Wilson fermions. In this appendix the calculation is repeated and partially
extended to the model with an additional vector-vector interaction.
B.4.1 Continuum model



















After introduction of auxiliary fields to eliminate the four-fermion terms
the effective potential in leading order of the large-N expansion is













σ2 + Π2 + [kµ − iAµ]2
)
(B.36)
It has a rotational symmetry in the σ-Π-plane. It is convenient t introduce
the radial variable ρ2 = σ2 + Π2. The extrema of the effective potential are



















ρ2 + (kµ − iAµ)2
= 0 (B.38)
The second equation has got only the trivial solution Aµ = 0 which when
inserted into the first equation leads to the gap-equation of the Gross-Neveu












C Λ . (B.39)
Here M is a spherical momentum-cutoff and the scale parameter Λ (dynam-
ically generated mass) was defined, which is held fixed while the cutoff is
removed. The effective potential for Aµ = 0 can now be expressed in terms
of physical quantities and in the M→∞ limit is given by







B.4.2 Lattice model with Wilson fermions



















where DW is the Wilson Dirac operator. To obtain the correct continuum
limit the bare mass parameter m0 and the couplings will have to be tuned
in a special way.
After introduction of auxiliary fields the effective potential in leading
order of the large-N expansion is
























︸                                                                ︷︷                                                                ︸
C∆










As in the continuum one can deduce from the gap-equations that the min-
imum of the effective potential is found at Aµ = 0. To extract the σ and Π
























































Hence only I0, I1 and I2 have a non-vanishing (i.e. constant or divergent)
continuum limit. The finite integrals can be evaluated numerically (for
r = 1) and one finds
I1 =
2(σ+m0)r
a C1 C1 ≈ 0.3849001795 (B.46)
I2 = −2r2(σ + m0)2 C2 C2 ≈ 0.1548258837 (B.47)

















































With Aµ = 0 the last line amounts to a (infinite) shift of Ve f f and can be





























, Ĉ0 ≈ 0.2245732 .
Now the continuum limit can be studied. With σ̃ = σ + m0 the effective
potential is
Ve f f (σ̃,Π,Aµ = 0) − Ve f f (0, 0, 0) =
1
4π






























1There is a slight disagreement between the C0 value quoted in [3] and the one obtained
here. This has however no impact on the flow of argumentation.
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This agrees exactly with (B.40) when
Λa B exp
[





is defined and the a dependence of the bare couplings is chosen as follows
1
2λS
























The authors in [3] conclude that in order to obtain a renormalized effec-
tive potential that exhibits the desired symmetry from the continuum limit
of the Wilson discretization, it is necessary to properly tune the bare mass
parameter and the ratio of the two couplings.
B.5 Free propagators for the Gross-Neveu model

























are needed, the sums can be performed by complex integration techniques
as has been worked out in [84]. In the following this calculation is reviewed.
One can rewrite
Ğ(t, p1) = (−ip̊1γ1 + 1 + M1) f (t) − P+ f (t + a) − P− f (t − a) , (B.56)














From here on lattice units a = 1 are used. The T allowed values for p0 have
all the property that (eip0)T = u, The phase u depends on the boundary-
conditions in the temporal direction, for instance u = 1 for periodic and
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1 + p̊21 + (1 + M1)














1 + p̊21 + (1 + M1)
2 − (1 + M1)(z + z−1)
The second line holds if the integration contour γ contains all the poles at
z = zi but not the other two poles of the integrand which are located at
z = e±α with α = acosh
12
1 + M1 + 1 + p̊211 + M1
 . (B.59)






Figure B.1: A draft of the integration contours. The Black symbols denote
the poles at z = zi = eip0 . The two red symbols indicate the poles at z = e±α.
The identity ∏
{zi|zTi =u}
(z − zi) = zT − u (B.60)
is obvious if one realizes that both the left and the righthand side are
polynomials in z of degree T with the same zeros in z = zi. Differentiation




















1 + p̊21 + (1 + M1)











(z−1 − eα)(z−1 − e−α)
. (B.62)
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(figure B.1) and the last















sinh(αt) − u sinh(α(T + t))
sinh(α)(1 + u2 − 2u cosh(αT))
. (B.63)












(z − eα)(z − e−α)
. (B.64)
The new integrand has got a pole in the origin. The contour γ′1 is shown in
figure B.2. One minus sign arises, because the orientation of the contour is
changed.
γ′1
Figure B.2: The contour after change of variables. The radius of γ1 can
always be chosen large enough, such that γ′1 contains only the pole at the
origin.








then only the first term contributes to the integral, because for all other




























and hence for u = −1 the whole integral has the value
f (t) =
−1




A similar calculation yields the result
a
G(p0, x1) = (−ip̊0γ0 + 1 + M0)g(x1) −Q+g(x1 + a) −Qg(x1 − a) , (B.68)











The angle ᾱ is given in this case by
ᾱ = acosh
12
1 + M0 + 1 + p̊201 + M0
 . (B.70)
B.6 Feynman rules for the Gross-Neveu model
































∝ Lδi, jĞ(x0 − y0, p1)C−1
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Traces
The vertices are often drawn like here
in order to be able to read off the spin-
traces from the graph (one for each
closed path).
In addition there is a global factor for each graph depending on its










which appears at one loop in the calculation of the renormalized coupling.
There are 8 equivalent possibilities to connect a vertex to one of the external




C.1.1 Determination of mc with Wilson fermions in infinite vol-
ume
Table C.1: Determination of mc for different values of λ. Last column gives
the value of σa
λ mca σa
1/0.379 −1.9987 ± 0.0001 0.237338
2.5 −1.8974 ± 0.0001 0.215810
2.4 −1.8240 ± 0.0001 0.200566
2.3963 −1.8213 ± 0.0001 0.200006
2.35 −1.7872 ± 0.0001 0.193038
2.3 −1.7503 ± 0.0001 0.185574
2.25 −1.7133 ± 0.0001 0.178175
2.2 −1.6763 ± 0.0001 0.170843
2.1 −1.6021 ± 0.0001 0.156386
2.0 −1.5276 ± 0.0001 0.142219
1.93615 −1.4798 ± 0.0001 0.133334
1.9 −1.4528 ± 0.0001 0.128363
1/0.55 −1.3914 ± 0.0001 0.117277
1.8 −1.3777 ± 0.0001 0.114846
1.7 −1.3025 ± 0.0001 0.101703
1.6 −1.2269 ± 0.0001 0.088974
1.5 −1.1512 ± 0.0001 0.076711
1.4146 −1.0863 ± 0.0001 0.066658
1.4 −1.0752 ± 0.0001 0.064981




1.3 −0.9990 ± 0.0001 0.053858
1.2 −0.9226 ± 0.0001 0.043432
1.1654 −0.8962 ± 0.0001 0.040006
1.15 −0.8844 ± 0.0001 0.038513
1.12 −0.8614 ± 0.0001 0.035662
1.1 −0.8461 ± 0.0001 0.033805
1.0 −0.7694 ± 0.0001 0.025057
0.9 −0.6926 ± 0.0001 0.017192
0.8 −0.6158 ± 0.0001 0.010302
0.7 −0.5388 ± 0.0001 0.005769
0.6 −0.4619 ± 0.0001 0.003801
0.5 −0.3849 ± 0.0001 0.002797
0.4 −0.3079 ± 0.0001 0.002146
0.3 −0.2309 ± 0.0001 0.001651
0.2 −0.1540 ± 0.0001 0.001225
0.1 −0.0770 ± 0.0001 0.000799
C.1.2 Determination of mc with Wilson fermions on finite lattices
Table C.2: σL and the critical mass on a lattice of size L/a = 10
L/a λ mcL σL
10 1/0.379 −20.1850 ± 0.0001 1.999125
10 2.5 −19.1600 ± 0.0001 1.639663
10 2.4 −18.4206 ± 0.0001 1.335336
10 2.3963 −18.3224 ± 0.0001 1.322370
10 2.35 −18.0488 ± 0.0001 1.134679
10 2.3 −17.7007 ± 0.0001 0.984005
10 2.25 −17.3497 ± 0.0001 0.780739
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Table C.3: σL and the critical mass on a lattice of size L/a = 15
L/a λ mcL σL
15 1/0.379 −30.1263 ± 0.0001 3.471764
15 2.5 −28.5980 ± 0.0001 3.089845
15 2.4 −27.4923 ± 0.0001 2.808505
15 2.3 −26.3839 ± 0.0001 2.517972
15 2.2 −25.2386 ± 0.0001 2.193847
15 2.1 −24.1568 ± 0.0001 1.882670
15 2.0 −23.0372 ± 0.0001 1.510891
15 1.93615 −22.3212 ± 0.0001 1.232806
15 1.9 −21.9199 ± 0.0001 1.053294
Table C.4: σL and the critical mass on a lattice of size L/a = 30
L/a λ mcL σL
30 1.9 −43.6044 ± 0.0001 3.732101
30 1.8 −41.3586 ± 0.0001 3.277247
30 1.7 −39.1064 ± 0.0001 2.808455
30 1.6 −36.8482 ± 0.0001 2.311215
30 1.5 −34.5708 ± 0.0001 1.741338
30 1.4146 −32.6466 ± 0.0001 1.159186
30 1.4 −32.3150 ± 0.0001 1.032007
30 1.35 −31.1785 ± 0.0001 0.384112
Table C.5: σL and the critical mass on a lattice of size L/a = 50
L/a λ mcL σL
50 1.5 −57.5700 ± 0.0001 3.717587
50 1.4 −53.7759 ± 0.0001 3.047038
50 1.35 −51.8589 ± 0.0001 2.690031
50 1.3 −49.9730 ± 0.0001 2.338642
50 1.2 −46.1601 ± 0.0001 1.509388
50 1.1654 −44.8420 ± 0.0001 1.145079
50 1.15 −44.2542 ± 0.0001 0.947965
50 1.12 −43.1086 ± 0.0001 0.358987
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C.2 Extrapolation of Feynman diagrams
In order to determine the divergent and constant parts as well as the lead-
ing lattice artifacts of the Feynman diagrams that appear in chapter 5 the
method introduced in [11] is used. The numerical data for symmetric lat-
tices (L = T) is summarized in the following table.
Table C.6: Numerical values of Feynman diagrams.
L/a K G(1,a) G(1,b) G(2)
8 0.3849637865895783 0.2298343597207694 0.1583872750455539 −0.1022118885195386
12 0.3849132211857289 0.2081829253684071 0.1569623397996175 −0.0469422067050661
16 0.3849043760344421 0.1969036821526046 0.1563514166997595 −0.0071028547075562
20 0.3849019132423367 0.1898563057100314 0.1560121537578140 0.0241972825165530
24 0.3849010197069316 0.1849883439095381 0.1557963333136479 0.0500373799185231
28 0.3849006343927452 0.1814026188787538 0.1556469618311666 0.0720727371380454
32 0.3849004466727558 0.1786400743322099 0.1555374451960517 0.0912988660557221
36 0.3849003465138255 0.1764398139704745 0.1554537091013827 0.1083625207141112
40 0.3849002891750112 0.1746419093006225 0.1553876082320195 0.1237083266004640
44 0.3849002544533024 0.1731425401301390 0.1553341017880862 0.1376554654759437
48 0.3849002324407436 0.1718712040186634 0.1552899030806659 0.1504410352987446
52 0.3849002179426058 0.1707782495343347 0.1552527775767456 0.1622461078440929
56 0.3849002080807132 0.1698276432235740 0.1552211530535415 0.1732121741081298
60 0.3849002011846234 0.1689925662791922 0.1551938911327478 0.1834519492937751
64 0.3849001962456875 0.1682526241713508 0.1551701472857271 0.1930567149146248
68 0.3849001926336857 0.1675920172779433 0.1551492817630012 0.2021014525149336
72 0.3849001899429323 0.1669983060277626 0.1551308010714163 0.2106485226231333
76 0.3849001879053339 0.1664615559497586 0.1551143184367326 0.2187503581749208
80 0.3849001863395556 0.1659737324419248 0.1550995264345465 0.2264514737843273
84 0.3849001851203680 0.1655282638118162 0.1550861776333516 0.2337899897573454
88 0.3849001841596562 0.1651197202285761 0.1550740706406510 0.2407988052924960
92 0.3849001833943677 0.1647435741034502 0.1550630398705609 0.2475065137047902
96 0.3849001827786852 0.1643960186931634 0.1550529479245799 0.2539381250128774
100 0.3849001822788471 0.1640738290031905 0.1550436798384109 0.2601156426743187
104 0.3849001818696555 0.1637742538711525 0.1550351386826288 0.2660585284934644
108 0.3849001815320814 0.1634949313395410 0.1550272421596317 0.2717840807974473
112 0.3849001812515965 0.1632338216357682 0.1550199199431306 0.2773077446361066
116 0.3849001810169975 0.1629891536129915 0.1550131115774692 0.2826433681826760
120 0.3849001808195647 0.1627593815878580 0.1550067648051209 0.2878034161786333
124 0.3849001806524512 0.1625431502854925 0.1550008342220787 0.2927991487915709
128 0.3849001805102378 0.1623392661623292 0.1549952801901281 0.2976407724130694
132 0.3849001803886019 0.1621466737878089 0.1549900679498877 0.3023375675253717
136 0.3849001802840720 0.1619644362695143 0.1549851668924578 0.3068979977067856
140 0.3849001801938409 0.1617917189334832 0.1549805499579102 0.3113298030217510
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L/a K G(1,a) G(1,b) G(2)
144 0.3849001801156248 0.1616277756428411 0.1549761931353850 0.3156400804112385
148 0.3849001800475532 0.1614719372682560 0.1549720750453989 0.3198353531979294
152 0.3849001799880878 0.1613236019239589 0.1549681765890477 0.3239216314312225
156 0.3849001799359555 0.1611822266605668 0.1549644806518498 0.3279044644859943
160 0.3849001798900977 0.1610473203662766 0.1549609718522189 0.3317889870802681
164 0.3849001798496291 0.1609184376754857 0.1549576363281127 0.3355799596761668
168 0.3849001798138072 0.1607951737211701 0.1549544615533951 0.3392818040701833
172 0.3849001797820068 0.1606771595973374 0.1549514361807667 0.3428986348421982
176 0.3849001797536977 0.1605640584213863 0.1549485499066673 0.3464342872327146
180 0.3849001797284300 0.1604555619055922 0.1549457933535983 0.3498923419211330
184 0.3849001797058200 0.1603513873621102 0.1549431579682934 0.3532761471143236
188 0.3849001796855387 0.1602512750787849 0.1549406359336060 0.3565888382839998
192 0.3849001796673044 0.1601549860129185 0.1549382200902334 0.3598333558508374
196 0.3849001796508743 0.1600622997588917 0.1549359038698085 0.3630124610670519
200 0.3849001796360383 0.1599730127522302 0.1549336812346240 0.3661287503097012
204 0.3849001796226144 0.1598869366785075 0.1549315466247778 0.3691846679745322
208 0.3849001796104441 0.1598038970602922 0.1549294949127613 0.3721825181346207
212 0.3849001795993897 0.1597237319991441 0.1549275213616269 0.3751244751000689
216 0.3849001795893307 0.1596462910531481 0.1549256215881369 0.3780125929961695
220 0.3849001795801609 0.1595714342331990 0.1549237915314582 0.3808488144795666
224 0.3849001795717890 0.1594990311035208 0.1549220274228890 0.3836349786732082
228 0.3849001795641313 0.1594289599740083 0.1549203257609361 0.3863728284069940
232 0.3849001795571172 0.1593611071735880 0.1549186832874092 0.3890640168373470
236 0.3849001795506822 0.1592953663951520 0.1549170969669459 0.3917101135053601
240 0.3849001795447710 0.1592316381041280 0.1549155639684016 0.3943126098907342
244 0.3849001795393313 0.1591698290034039 0.1549140816474170 0.3968729245123842
248 0.3849001795343205 0.1591098515483755 0.1549126475322633 0.3993924076195072
252 0.3849001795296972 0.1590516235069489 0.1549112593088319 0.4018723455108075
256 0.3849001795254273 0.1589950675593721 0.1549099148091251 0.4043139645116645
260 0.3849001795214784 0.1589401109340132 0.1549086119993725 0.4067184346587868
264 0.3849001795178212 0.1588866850751668 0.1549073489702122 0.4090868730900059
268 0.3849001795144316 0.1588347253397373 0.1549061239270532 0.4114203471982697
272 0.3849001795112854 0.1587841707198832 0.1549049351812874 0.4137198775399626
276 0.3849001795083622 0.1587349635890519 0.1549037811434124 0.4159864405447494
280 0.3849001795056439 0.1586870494690734 0.1549026603155806 0.4182209710220439
284 0.3849001795031121 0.1586403768164097 0.1549015712842412 0.4204243645006757
288 0.3849001795007527 0.1585948968256382 0.1549005127153662 0.4225974794002169
292 0.3849001794985523 0.1585505632486585 0.1548994833482614 0.4247411390584732
296 0.3849001794964973 0.1585073322279715 0.1548984819914695 0.4268561336146806
300 0.3849001794945761 0.1584651621430771 0.1548975075165177 0.4289432217800434
304 0.3849001794927791 0.1584240134685297 0.1548965588556237 0.4310031324806277
308 0.3849001794910967 0.1583838486427165 0.1548956349964751 0.4330365663981233
312 0.3849001794895200 0.1583446319464593 0.1548947349789352 0.4350441974149208
316 0.3849001794880413 0.1583063293905498 0.1548938578915940 0.4370266739641157
320 0.3849001794866529 0.1582689086115008 0.1548930028696735 0.4389846202950297
324 0.3849001794853490 0.1582323387746787 0.1548921690899999 0.4409186376644540
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L/a K G(1,a) G(1,b) G(2)
328 0.3849001794841225 0.1581965904844580 0.1548913557716765 0.4428293054540544
332 0.3849001794829688 0.1581616357005502 0.1548905621699032 0.4447171822180471
336 0.3849001794818832 0.1581274476602394 0.1548897875765237 0.4465828066741286
340 0.3849001794808598 0.1580940008058247 0.1548890313172532 0.4484266986263273
344 0.3849001794798949 0.1580612707170889 0.1548882927476997 0.4502493598500755
348 0.3849001794789847 0.1580292340481857 0.1548875712550739 0.4520512749112307
352 0.3849001794781255 0.1579978684688038 0.1548868662537740 0.4538329119462834
356 0.3849001794773130 0.1579671526090669 0.1548861771847117 0.4555947233989380
360 0.3849001794765455 0.1579370660080780 0.1548855035135203 0.4573371467132322
364 0.3849001794758193 0.1579075890657640 0.1548848447306029 0.4590606049904358
368 0.3849001794751322 0.1578787029976654 0.1548842003472924 0.4607655076115106
372 0.3849001794744816 0.1578503897926844 0.1548835698962616 0.4624522508220454
376 0.3849001794738644 0.1578226321733650 0.1548829529308723 0.4641212182910514
380 0.3849001794732791 0.1577954135586423 0.1548823490233474 0.4657727816359654
384 0.3849001794727246 0.1577687180288423 0.1548817577626158 0.4674073009256907
388 0.3849001794721978 0.1577425302927652 0.1548811787564137 0.4690251251513732
392 0.3849001794716969 0.1577168356567515 0.1548806116271623 0.4706265926821939
396 0.3849001794712222 0.1576916199955724 0.1548800560129626 0.4722120316823489
400 0.3849001794707698 0.1576668697249859 0.1548795115670336 0.4737817605308984
404 0.3849001794703397 0.1576425717758634 0.1548789779561804 0.4753360881940466
408 0.3849001794699307 0.1576187135698480 0.1548784548594992 0.4768753146064292
412 0.3849001794695416 0.1575952829964054 0.1548779419695629 0.4783997310096660
416 0.3849001794691697 0.1575722683909919 0.1548774389905796 0.4799096202869749
420 0.3849001794688166 0.1575496585146702 0.1548769456382209 0.4814052572845732
424 0.3849001794684784 0.1575274425346645 0.1548764616384954 0.4828869091136809
428 0.3849001794681575 0.1575056100060702 0.1548759867276273 0.4843548354304648
432 0.3849001794678500 0.1574841508545090 0.1548755206524240 0.4858092887218501
436 0.3849001794675562 0.1574630553597187 0.1548750631687109 0.4872505145577736
440 0.3849001794672769 0.1574423141400119 0.1548746140404955 0.4886787518501617
444 0.3849001794670093 0.1574219181375633 0.1548741730417301 0.4900942330872618
448 0.3849001794667539 0.1574018586044275 0.1548737399527343 0.4914971845561838
452 0.3849001794665093 0.1573821270893270 0.1548733145642927 0.4928878265766794
456 0.3849001794662757 0.1573627154250817 0.1548728966702410 0.4942663736976924
460 0.3849001794660512 0.1573436157166667 0.1548724860762168 0.4956330348942125
464 0.3849001794658356 0.1573248203299008 0.1548720825922199 0.4969880137766369
468 0.3849001794656308 0.1573063218807018 0.1548716860349695 0.4983315087510255
472 0.3849001794654341 0.1572881132247741 0.1548712962273278 0.4996637132101110
476 0.3849001794652460 0.1572701874479911 0.1548709129989906 0.5009848156967972
480 0.3849001794650649 0.1572525378570516 0.1548705361840858 0.5022950000622726
484 0.3849001794648915 0.1572351579706832 0.1548701656238126 0.5035944456231778
488 0.3849001794647248 0.1572180415112911 0.1548698011629653 0.5048833273122347
492 0.3849001794645652 0.1572011823969201 0.1548694426525900 0.5061618158131939
496 0.3849001794644114 0.1571845747336243 0.1548690899484524 0.5074300777043376
500 0.3849001794642646 0.1571682128082563 0.1548687429099251 0.5086882755837780
504 0.3849001794641232 0.1571520910814764 0.1548684014017069 0.5099365682027001
508 0.3849001794639866 0.1571362041812243 0.1548680652931792 0.5111751105737875
512 0.3849001794638562 0.1571205468963054 0.1548677344568464 0.5124040541013907
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C.3 Comparison of simulations with bare perturba-
tion theory
To test the code Monte-Carlo results were compared with bare perturbation
theory for small bare couplings. The following tables summarize the data.
Table C.7: Monte-Carlo results for some bare observables in the Thirring
model with Wilson fermions. The bare mass was set to the tree level critical
mass value m0 = 0.
g kS(T/4, 0) k0(T/2, 0) k̄1(π/T,L/4) Z2ψg
2
R
0.050 0.001906(45) 0.999090(26) 0.359035(9) 0.002493(6)
0.224 0.037920(63) 0.977670(51) 0.352584(18) 0.04727(23)
0.320 0.07535(10) 0.948509(87) 0.345136(31) 0.08897(39)
0.387 0.10741(12) 0.916982(99) 0.338011(34) 0.11987(31)
0.450 0.1382(35) 0.8768(30) 0.32983(94) 0.1507(37)
0.500 0.16588(22) 0.83863(20) 0.322186(67) 0.1874(64)
0.600 0.2130(46) 0.7459(52) 0.3068(16) 0.16384(43)
0.700 0.2432(52) 0.6213(62) 0.2801(21) 0.1653(75)
0.800 0.2652(53) 0.4984(65) 0.2532(29) 0.1415(65)
Table C.8: Monte-Carlo results for some bare observables in the N = 4
Gross-Neveu model with Wilson fermions. The bare mass was set to the
tree level critical mass value m0 = 0.
g kS(T/4, 0) k0(T/2, 0) k̄1(π/T,L/4) Z2ψg
2
R
0.032 0.00580(49) 0.99673(27) 0.358315(87) 0.001026(32)
0.045 0.01068(13) 0.994379(74) 0.357487(26) 0.001986(14)
0.050 0.01350(12) 0.992983(70) 0.357042(2) 0.002431(29)
0.063 0.021125(28) 0.988696(21) 0.355683(6) 0.003723(60)
0.224 0.20581(29) 0.76538(27) 0.308461(94) 0.02220(12)
0.320 0.26298(19) 0.49518(20) 0.255589(91) 0.014616(74)
0.387 0.24920(15) 0.33118(16) 0.215592(42) 0.007764(41)
0.450 0.21668(16) 0.22043(15) 0.18037(11) 0.003834(21)
0.500 0.18792(17) 0.15840(14) 0.15502(11) 0.002099(12)
0.600 0.136895(85) 0.083868(53) 0.114006(61) 0.000635(4)
0.700 0.099057(62) 0.046181(30) 0.084083(47) 0.000202(1)
0.800 0.072586(39) 0.026674(15) 0.062842(31) 0.000007(1)
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C.4 Tuning of parameters in MC simulations
The tuning of the bare parameters which is necessary to satisfy the renor-
malization conditions is summarized in the following tables. The lines with
m0 closest to mc are highlighted by a “→” while the runs where one of the
problems described in section 6.2 appeared are marked with a “×”.
C.4.1 N = 4 Gross-Neveu model
Table C.9: La ×
T
a = 48 × 48





0.40 −0.4100 0.3289(37) 0.5509(46) 0.0560(27) 0.1845(82)
0.40 −0.4200 0.2918(42) 0.7116(61) 0.0929(42) 0.1835(75)
0.40 −0.4310 0.1810(61) 0.9029(50) 0.1575(89) 0.193(10)
0.40 −0.4380 0.0182(43) 0.9749(14) 0.1890(42) 0.1988(42)
0.40 −0.43889 0.0052(22) 0.97778(69) 0.1859(22) 0.1945(22)
0.40 −0.4389 0.0035(22) 0.97849(70) 0.1879(22) 0.1963(22)
→ 0.40 −0.4390 0.0021(22) 0.97925(68) 0.1869(23) 0.1950(23)
0.40 −0.4400 −0.0226(43) 0.9805(12) 0.1844(37) 0.1918(37)
0.40 −0.4412 −0.0468(90) 0.9798(32) 0.207(12) 0.216(12)
0.40 −0.4420 −0.0622(42) 0.9746(14) 0.1939(41) 0.2041(41)
0.40 −0.4500 −0.2331(81) 0.8852(62) 0.181(10) 0.231(12)
× 0.70 −1.3100 0.1430(11) 0.05050(58) 0.001293(64) 0.507(19)
× 0.70 −1.3200 0.1597(12) 0.06450(73) 0.00225(11) 0.541(21)
× 0.70 −1.3300 0.1763(16) 0.0797(10) 0.00406(23) 0.640(28)
× 0.70 −1.3430 0.2107(20) 0.1162(18) 0.00883(60) 0.654(34)
× 0.70 −1.3444 0.2129(21) 0.1225(18) 0.00962(59) 0.641(30)
× 0.70 −1.3450 0.2131(20) 0.1224(17) 0.00960(67) 0.641(38)
× 0.70 −1.3600 0.2596(32) 0.2074(45) 0.0380(37) 0.883(61)
× 0.70 −1.3650 −0.2554(68) 0.1531(64) 0.0435(56) 1.86(15)
× 0.70 −1.3660 −0.2363(60) 0.142(14) 0.045(11) 2.21(31)
× 0.70 −1.3670 −0.2358(52) 0.1341(59) 0.0421(57) 2.34(18)
× 0.70 −1.3700 −0.2093(48) 0.1010(42) 0.0225(28) 2.21(18)
119
Table C.10: La ×
T
a = 40 × 40





0.40 −0.4395 −0.0039(21) 0.98134(65) 0.1886(23) 0.1959(22)
0.40 −0.4400 −0.0037(84) 0.9820(30) 0.2010(95) 0.2084(92)
0.40 −0.4450 −0.1083(87) 0.9730(34) 0.1904(86) 0.2011(88)
0.405 −0.4450 0.0984(19) 0.9504(10) 0.1709(20) 0.1892(20)
0.405 −0.4500 0.0066(21) 0.97877(71) 0.1847(21) 0.1928(21)
→ 0.405 −0.45022 −0.0044(21) 0.97914(71) 0.1863(22) 0.1943(22)
0.405 −0.45031 −0.0007(22) 0.97881(70) 0.1870(21) 0.1952(21)
0.405 −0.4510 −0.0144(22) 0.98025(69) 0.1886(22) 0.1963(22)
0.405 −0.4600 −0.1802(20) 0.9298(13) 0.1773(20) 0.2051(22)
0.59 −0.9380 0.3113(29) 0.3314(48) 0.0455(32) 0.415(24)
0.59 −0.9500 0.3178(17) 0.4590(34) 0.0997(30) 0.473(11)
Table C.11: La ×
T
a = 32 × 32





0.41 −0.4450 0.1960(15) 0.8699(13) 0.1366(16) 0.1805(19)
0.41 −0.4500 0.1503(16) 0.9146(11) 0.1543(18) 0.1844(19)
0.41 −0.4530 0.1172(18) 0.9388(11) 0.1639(18) 0.1859(19)
→ 0.415 −0.4733 −0.0001(22) 0.97803(74) 0.1886(20) 0.1971(20)
0.415 −0.47343 −0.0054(20) 0.97936(71) 0.1906(21) 0.1987(21)
0.415 −0.4735 −0.0077(21) 0.98074(73) 0.1928(21) 0.2005(21)
0.42 −0.4500 0.30286(85) 0.6617(14) 0.07966(97) 0.1819(19)
0.42 −0.4700 0.1879(16) 0.8777(14) 0.1481(17) 0.1923(21)
0.42 −0.4791 0.0784(20) 0.9558(10) 0.1847(21) 0.2021(22)
0.42 −0.4842 0.0101(23) 0.97610(82) 0.1947(23) 0.2044(23)
→ 0.42 −0.48491 −0.0018(23) 0.97712(76) 0.1978(23) 0.2071(23)
0.42 −0.5020 −0.2431(19) 0.8817(16) 0.1741(20) 0.2239(24)
0.42 −0.5027 −0.2454(18) 0.8767(16) 0.1729(20) 0.2250(24)
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Table C.12: La ×
T
a = 24 × 24





→ 0.42 −0.4846 0.0009(20) 0.98018(73) 0.1873(20) 0.1950(20)
0.42 −0.48477 0.0020(21) 0.98043(73) 0.1896(21) 0.1972(21)
0.42 −0.4880 −0.0329(20) 0.98341(71) 0.1921(21) 0.1986(20)
0.42 −0.4909 −0.0624(20) 0.98254(71) 0.1911(21) 0.1980(21)
0.425 −0.4890 0.0754(20) 0.9571(10) 0.1784(21) 0.1947(21)
0.425 −0.4909 0.0555(20) 0.96453(93) 0.1848(21) 0.1986(21)
0.425 −0.4920 0.0474(20) 0.96783(88) 0.1821(20) 0.1944(20)
→ 0.425 −0.49669 −0.0007(20) 0.97912(76) 0.1953(21) 0.2037(21)
0.425 −0.49708 −0.0039(21) 0.98043(76) 0.1945(22) 0.2024(22)
0.425 −0.49844 −0.0208(21) 0.98197(75) 0.1965(21) 0.2038(21)
Table C.13: La ×
T
a = 16 × 16





0.42 −0.4700 0.0821(15) 0.95026(96) 0.1589(16) 0.1760(17)
0.42 −0.4750 0.0527(16) 0.96515(88) 0.1695(17) 0.1820(17)
→ 0.43 −0.5085 0.0011(19) 0.98211(82) 0.1865(20) 0.1934(19)
0.43 −0.5100 −0.0115(20) 0.98372(80) 0.1879(20) 0.1942(19)
→ 0.432 −0.5120 0.0027(19) 0.98151(85) 0.1897(19) 0.1969(19)
0.432 −0.5122 0.0045(19) 0.98069(84) 0.1875(20) 0.1949(20)
0.432 −0.5132 −0.0020(19) 0.98105(82) 0.1857(19) 0.1929(19)
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C.4.2 Thirring model
Table C.14: La ×
T
a = 48 × 48





0.4 −0.060 0.01893(51) 0.99016(64) 0.1630(39) 0.1662(38)
0.4 −0.062 0.00653(53) 0.99632(76) 0.1661(42) 0.1673(41)
0.4 −0.0625 0.00359(38) 0.99784(52) 0.1678(29) 0.1685(28)
0.4 −0.063 0.00067(38) 0.99814(52) 0.1686(28) 0.1692(27)
→ 0.4 −0.06303 0.00050(48) 0.99808(18) 0.16896(69) 0.16961(67)
0.4 −0.0631 −0.00132(65) 0.99777(25) 0.16671(93) 0.16746(90)
0.4 −0.0635 −0.00231(38) 0.99832(54) 0.1673(28) 0.1679(27)
0.4 −0.064 −0.00635(51) 0.99838(76) 0.1685(39) 0.1690(38)
0.7 −0.1900 0.184(14) 0.888(14) 0.413(28) 0.523(31)
0.7 −0.2000 0.057(20) 0.9674(88) 0.572(50) 0.611(47)
0.7 −0.2035 0.013(24) 0.9717(97) 0.488(37) 0.517(33)
0.7 −0.2040 0.023(20) 0.978(13) 0.528(47) 0.552(40)
× 0.7 −0.2042 −0.0074(27) 0.9782(13) 0.5637(72) 0.5891(65)
× 0.7 −0.20424 −0.0108(77) 0.9758(37) 0.564(18) 0.592(16)
0.7 −0.20424 −0.012(11) 0.9859(49) 0.624(29) 0.642(25)
→ 0.7 −0.20425 −0.0043(84) 0.9803(36) 0.593(20) 0.617(18)
0.7 −0.20425 −0.005(10) 0.9794(45) 0.559(21) 0.582(18)
0.7 −0.20426 −0.004(10) 0.9843(48) 0.587(29) 0.606(27)
0.7 −0.2045 −0.024(28) 0.967(11) 0.597(70) 0.638(66)
0.7 −0.2200 −0.217(15) 0.889(12) 0.475(38) 0.601(40)
0.7 −0.2400 −0.342(11) 0.619(16) 0.281(42) 0.732(93)
0.7 −0.2600 −0.3517(81) 0.3689(86) 0.1034(93) 0.760(56)
0.7 −0.2800 −0.3114(60) 0.2218(70) 0.0414(46) 0.842(64)
0.7 −0.3000 −0.2460(51) 0.1229(41) 0.0149(18) 0.987(93)
0.8 0.1000 0.01496(18) 0.000610(9) 0.00000024(2) 0.642(38)
× 0.8 0.0000 0.03700(48) 0.003488(58) 0.000009(1) 0.749(47)
× 0.8 −0.0040 0.03968(53) 0.004002(77) 0.000012(1) 0.757(53)
× 0.8 −0.0070 0.04082(55) 0.004228(82) 0.000014(1) 0.762(53)
× 0.8 −0.0100 0.04078(47) 0.004209(85) 0.000013(1) 0.725(37)
× 0.8 −0.0606 0.06655(82) 0.01106(19) 0.000091(6) 0.746(39)
× 0.8 −0.0616 0.0700(11) 0.01171(25) 0.000116(14) 0.843(84)
× 0.8 −0.0626 0.06896(99) 0.01203(25) 0.000119(9) 0.821(46)
× 0.8 −0.2463 0.308(11) 0.707(16) 0.426(32) 0.854(50)
× 0.8 −0.2473 0.304(13) 0.706(14) 0.382(31) 0.767(53)
× 0.8 −0.2630 0.076(24) 0.920(18) 0.614(59) 0.726(57)
× 0.8 −0.2730 −0.005(25) 0.950(11) 0.630(53) 0.698(50)
0.8 −0.2830 −0.145(31) 0.903(21) 0.723(85) 0.886(85)
× 0.8 −0.3000 −0.317(14) 0.703(22) 0.523(58) 1.056(89)
0.8 −0.4000 −0.1493(37) 0.0400(14) 0.00285(31) 1.78(13)
× 0.8 −0.5000 −0.03186(88) 0.001608(69) 0.000012(2) 4.61(57)
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Table C.15: La ×
T
a = 40 × 40





0.39 −0.0584 0.00726(24) 0.99666(56) 0.1577(38) 0.1587(37)
0.39 −0.0585 0.00646(32) 0.99606(56) 0.1528(38) 0.1540(36)
0.39 −0.0586 0.00788(33) 0.99654(58) 0.1607(42) 0.1618(41)
0.4 −0.060 0.01683(36) 0.99264(60) 0.1686(40) 0.1711(39)
0.4 −0.062 0.00478(40) 0.99698(58) 0.1663(39) 0.1673(37)
0.4 −0.0625 0.00251(32) 0.99706(58) 0.1649(37) 0.1659(36)
0.4 −0.063 0.00032(40) 0.99834(60) 0.1662(40) 0.1668(38)
→ 0.4 −0.063006 −0.00030(46) 0.99818(18) 0.16813(67) 0.16874(64)
0.4 −0.06302 −0.00072(46) 0.99846(18) 0.16857(66) 0.16909(64)
0.4 −0.0631 −0.00132(65) 0.99777(25) 0.16671(93) 0.16746(90)
0.4 −0.0635 −0.00233(38) 0.99886(58) 0.1645(38) 0.1649(37)
0.4 −0.064 −0.00401(37) 0.99996(62) 0.1749(43) 0.1749(41)
0.402 −0.061 0.01368(36) 0.99392(60) 0.1687(38) 0.1708(37)
0.402 −0.062 0.00962(41) 0.99646(60) 0.1749(43) 0.1762(42)
0.405 −0.062 0.01492(47) 0.99668(62) 0.1737(43) 0.1759(42)
0.405 −0.063 0.00857(45) 0.99668(62) 0.1723(40) 0.1734(39)
0.41 −0.0647 0.00987(50) 0.99402(64) 0.1753(42) 0.1774(41)
0.42 −0.0644 0.02743(42) 0.98616(48) 0.1814(29) 0.1865(28)
0.70 −0.2000 0.051(26) 0.963(12) 0.556(51) 0.600(47)
0.70 −0.2038 −0.015(16) 0.9728(70) 0.510(30) 0.539(27)
0.70 −0.2039 −0.0001(31) 0.9804(14) 0.5681(69) 0.5910(62)
0.70 −0.2040 0.045(26) 0.983(11) 0.559(58) 0.577(52)
0.70 −0.2040 −0.005(19) 0.9784(72) 0.577(35) 0.603(32)
→ 0.70 −0.2041 −0.0018(64) 0.9742(32) 0.571(15) 0.602(13)
× 0.70 −0.2042 0.000(16) 0.9702(71) 0.539(29) 0.573(26)
0.70 −0.2042 −0.0058(67) 0.9824(32) 0.594(15) 0.616(13)
0.70 −0.20425 −0.0066(33) 0.9806(15) 0.5694(81) 0.5922(74)
0.70 −0.2048 −0.016(10) 0.9775(45) 0.531(22) 0.555(20)
0.70 −0.2050 0.007(23) 0.971(11) 0.559(39) 0.593(35)
0.70 −0.2050 −0.031(10) 0.9814(45) 0.569(24) 0.590(22)
0.70 −0.2052 −0.0229(96) 0.9764(51) 0.569(30) 0.596(27)
0.70 −0.2030 0.017(23) 0.958(10) 0.496(43) 0.541(41)
0.70 −0.2500 −0.3689(51) 0.5971(77) 0.264(13) 0.742(29)
× 0.80 −0.0100 0.06595(86) 0.01135(22) 0.000100(10) 0.776(65)
× 0.80 −0.0040 0.06346(86) 0.01042(24) 0.000086(10) 0.795(73)
0.80 −0.0070 0.06503(88) 0.01088(21) 0.000081(5) 0.681(35)
× 0.80 −0.2453 0.271(12) 0.734(16) 0.463(33) 0.860(46)
× 0.80 −0.2463 0.251(11) 0.743(15) 0.464(39) 0.842(51)
× 0.80 −0.2473 0.249(13) 0.749(17) 0.482(37) 0.861(48)
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Table C.16: La ×
T
a = 32 × 32





0.39 −0.0595 0.00368(94) 0.99794(39) 0.1602(12) 0.1608(12)
0.39 −0.06 −0.00074(94) 0.99861(39) 0.1608(13) 0.1613(12)
0.39 −0.062 −0.0174(14) 1.00021(54) 0.1591(19) 0.1590(18)
0.39 −0.063 −0.0239(14) 0.99967(55) 0.1574(18) 0.1575(17)
0.398 −0.062 0.0053(14) 0.99784(58) 0.1681(21) 0.1689(20)
0.398 −0.0623 0.00152(51) 0.99835(22) 0.16718(74) 0.16773(71)
→ 0.398 −0.0624 −0.00024(51) 0.99802(21) 0.16543(72) 0.16609(69)
0.398 −0.0625 −0.00182(62) 0.99866(26) 0.16690(88) 0.16735(85)
0.398 −0.063 −0.0049(14) 0.99765(58) 0.1640(20) 0.1648(19)
0.40 −0.0625 0.00270(87) 0.99762(37) 0.1681(13) 0.1689(12)
0.40 −0.0629 0.00133(51) 0.99787(21) 0.16882(74) 0.16954(71)
→ 0.40 −0.06301 0.00003(36) 0.99806(15) 0.16773(52) 0.16838(50)
0.40 −0.0632 −0.00228(37) 0.99858(15) 0.16995(53) 0.17043(51)
0.40 −0.0636 −0.0046(10) 0.99843(42) 0.1679(14) 0.1685(13)
0.40 −0.0641 −0.003953(93) 0.99978(26) 0.1707(19) 0.1708(18)
0.40 −0.0642 −0.004758(90) 0.99980(26) 0.1701(17) 0.1702(17)
0.405 −0.062 0.01209(30) 0.99420(58) 0.1732(39) 0.1752(38)
0.405 −0.063 0.00761(30) 0.99550(59) 0.1715(38) 0.1731(37)
0.405 −0.064 0.00218(27) 0.99784(60) 0.1775(41) 0.1783(39)
0.405 −0.0643 0.00226(11) 0.99800(26) 0.1750(18) 0.1757(18)
0.70 −0.2030 −0.0052(98) 0.9791(44) 0.576(20) 0.601(18)
0.70 −0.2032 0.0113(87) 0.9739(44) 0.551(19) 0.581(17)
0.70 −0.20325 0.0148(55) 0.9839(31) 0.576(16) 0.595(14)
→ 0.70 −0.20328 0.0022(26) 0.9780(13) 0.5649(68) 0.5905(62)
0.70 −0.20329 0.0035(30) 0.9802(15) 0.5746(76) 0.5981(70)
× 0.70 −0.2033 −0.0075(66) 0.9814(32) 0.622(34) 0.646(33)
0.70 −0.2034 −0.0095(83) 0.9826(38) 0.570(18) 0.590(17)
0.70 −0.2040 −0.0161(97) 0.9879(47) 0.568(23) 0.582(21)
0.70 −0.2042 −0.0063(94) 0.9848(51) 0.588(29) 0.606(26)
× 0.70 −0.20425 −0.0050(33) 0.9829(16) 0.5872(82) 0.6078(74)
0.70 −0.2044 −0.014(11) 0.9812(49) 0.545(19) 0.566(17)
× 0.80 −0.0040 0.1040(13) 0.02839(51) 0.000546(37) 0.677(36)
× 0.80 −0.0070 0.1083(13) 0.03026(52) 0.000647(54) 0.707(48)
× 0.80 −0.0100 0.1083(13) 0.03087(49) 0.000621(40) 0.652(35)
× 0.80 −0.2463 0.215(12) 0.824(13) 0.537(39) 0.790(48)
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Table C.17: La ×
T
a = 24 × 24





0.40 −0.0629 0.00046(35) 0.99844(27) 0.1698(14) 0.1703(14)
→ 0.40 −0.06298 0.00017(35) 0.99821(26) 0.1684(14) 0.1690(13)
→ 0.70 −0.20314 0.0013(34) 0.9866(18) 0.5979(91) 0.6142(82)
0.70 −0.20425 −0.0049(32) 0.9807(16) 0.5718(78) 0.5945(71)
Table C.18: La ×
T
a = 16 × 16





0.39 −0.059 0.00347(25) 0.99766(14) 0.15984(36) 0.16059(35)
0.39 −0.0594 0.00184(25) 0.99831(14) 0.16011(36) 0.16065(35)
0.39 −0.05985 0.00041(39) 0.99857(21) 0.16058(57) 0.16104(55)
→ 0.39 −0.0599 −0.00022(25) 0.99856(14) 0.16106(36) 0.16153(35)
0.39 −0.0608 −0.00387(28) 0.99959(15) 0.16123(38) 0.16137(37)
0.39 −0.061 −0.00459(28) 1.00009(15) 0.16229(38) 0.16226(37)
0.40 −0.061 0.00876(58) 0.99612(33) 0.16750(86) 0.16880(83)
0.40 −0.0629 0.00047(26) 0.99792(14) 0.16897(39) 0.16967(37)
→ 0.40 −0.06295 −0.00015(26) 0.99819(14) 0.16904(39) 0.16965(37)
0.40 −0.063 −0.00045(58) 0.99922(32) 0.16936(87) 0.16962(84)
0.40 −0.065 −0.00951(58) 1.00055(32) 0.16974(86) 0.16956(82)
0.70 −0.2010 0.0054(60) 0.9871(35) 0.584(15) 0.599(13)
0.70 −0.2020 0.0161(60) 0.9764(33) 0.548(13) 0.575(12)
0.70 −0.2021 0.00480(60) 0.98094(37) 0.576(18) 0.5991(16)
0.70 −0.2025 0.00412(60) 0.98160(37) 0.5797(18) 0.6016(16)
→ 0.70 −0.2030 −0.0051(56) 0.9841(34) 0.591(15) 0.610(14)
0.70 −0.20425 −0.0058(29) 0.9819(17) 0.5711(75) 0.5923(69)
C.5 Continuum extrapolations of the lattice data
The data that enters the continuum extrapolations is compiled in the fol-
lowing tables and plots. The values of m0 and g that belong to a value of
L/a can be found in tables 6.1 and 6.2.
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C.5.1 N = 4 Gross-Neveu model at gR = 0.442
Table C.19: Quantities that vanish in the continuum limit
L/a (kS)R(T/4, 2π/L) (k̄S)R(π/T,L/4) (k̄S)R(π/T,L/2)
16 0.00263(23) 0.0008(12) 0.00081(93)
24 0.00104(25) 0.0011(13) 0.00092(99)
32 −0.00005(28) −0.0018(15) −0.0016(11)
40 −0.00014(27) −0.0016(14) −0.0012(11)
48 0.00054(28) 0.0031(15) 0.0021(11)
Table C.20: Quantities that do not vanish in the continuum limit
L/a (k0)R(T/4, 0) (k0)R(T/4, 2π/L) (k0)R(T/2, 2π/L) (k̄1)R(π/T,L/4) σ(g2R, 2)
16 1.00445(61) 0.22141(16) 0.094644(63) 0.37669(35) 0.2173(29)
24 1.00386(52) 0.22055(15) 0.090892(67) 0.37949(31) 0.2234(58)
32 1.00535(49) 0.22069(15) 0.089563(69) 0.38060(31) −
40 1.00405(45) 0.22029(15) 0.089061(71) 0.38145(29) 0.2282(79)
48 1.00389(44) 0.21992(15) 0.088558(76) 0.38084(29) 0.234(15)



















































































































































































































C.5.2 Thirring model at g = 0.4
Table C.21: Quantities that vanish in the continuum limit
L/a (kS)R(T/4, 2π/L) (k̄S)R(π/T,L/4) (k̄S)R(π/T,L/2)
16 0.002805(30) 0.00122(15) 0.00098(11)
24 0.000877(43) 0.00062(20) 0.00044(15)
32 0.000421(42) 0.00049(20) 0.00025(16)
40 0.000244(53) 0.00006(26) 0.00020(20)
48 0.000146(56) 0.00013(27) 0.00013(21)
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Table C.22: Quantities that do not vanish in the continuum limit
L/a (k0)R(T/4, 0) (k0)R(T/4, 2π/L) (k0)R(T/2, 2π/L) (k̄1)R(π/T,L/4)
16 1.00031(12) 0.218387(29) 0.093196(11) 0.373139(64)
24 1.00035(20) 0.217559(65) 0.089541(40) 0.37559(12)
32 1.00027(12) 0.217211(32) 0.088203(16) 0.376693(69)
40 1.00038(14) 0.216994(39) 0.087505(20) 0.377036(83)
48 1.00022(14) 0.216919(40) 0.087187(21) 0.377222(83)
Table C.23: Current-Current correlators















































































































































































































































C.5.3 Thirring model at g = 0.7
Table C.24: Quantities that vanish in the continuum limit
L/a (kS)R(T/4, 2π/L) (k̄S)R(π/T,L/4) (k̄S)R(π/T,L/2)
16 0.00286(67) 0.0020(34) 0.0000(27)
24 0.00077(40) 0.0006(20) 0.0005(15)
32 0.00080(32) 0.0021(16) 0.0009(12)
40 −0.00002(79) 0.0010(39) 0.0004(30)
48 −0.00127(92) −0.0055(49) −0.0044(37)
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Table C.25: Quantities that do not vanish in the continuum limit
L/a (k0)R(T/4, 0) (k0)R(T/4, 2π/L) (k0)R(T/2, 2π/L) (k̄1)R(π/T,L/4)
16 1.0019(28) 0.22048(77) 0.09409(36) 0.3748(15)
24 1.0011(14) 0.21883(42) 0.09039(23) 0.37710(80)
32 1.0035(10) 0.21983(31) 0.08949(19) 0.37996(60)
40 1.0070(23) 0.22082(74) 0.08865(42) 0.3820(13)
48 1.0017(26) 0.21975(84) 0.08857(48) 0.3804(16)
Table C.26: Current-Current correlators












































































































































































































































Short summary in german language
Das Hauptanliegen der vorliegenden Arbeit ist es ein „Laboratorium” auf-
zubauen in dem Fragen, die für die Behandlung von Gitter-Eichtheorien
relevant sind, untersucht werden können ohne auf überaus aufwändige
Simulationen der QCD zurückgreifen zu müssen. Dazu werden zunächst
das zwei dimensionale, renormierbare Gross-Neveu Modell sowie das ver-
wandte chirale Gross-Neveu Modell eingeführt. Verschiedene Möglichkei-
ten der Diskretisierung beider Modelle werden vorgestellt und in einer
Rechnung gegenübergestellt, in der die Zahl der Fermion-Familien N mit
unendlich genähert wird. Für diesen Grenzfall lässt sich eine bestimmte
universelle Größe leicht numerisch bis auf nahezu Maschinen-Genauigkeit
ausrechnen. Es wird gezeigt dass die Lösung des Kontinuum-Modells sowie
Kontinuumsextrapolationen der Ergebnisse die mit Wilson-, mit staggered-
und mit overlap-Fermionen erzielt wurden miteinander übereinstimmen.
Die Behandlung der Modelle mit endlichem N ist weitaus schwieriger.
Insbesondere in dem chiralen Modell erweist es sich aufgrund der vie-
len Parameter in der Wirkung als nicht praktikabel einen kontrollierten,
chiralen Kontinuums-Limes zu nehmen - jedenfalls nicht wenn man die
systematischen und statistischen Fehler klein halten möchte. Daher liegt
das Hauptaugenmerk in diesem Teil der Arbeit auf dem gewöhnlichen
Gross-Nevue Modell mit diskreter γ5-Symmetrie. Für dieses Modell wird
ein Renormierungsschema vorgeschlagen, in dem, die endliche Größe des
Systems als physikalische Skala fungiert. Das Schema wird mittels Gitter-
Störungstheorie mit Wilson Fermionen auf ein-Schleifen-Niveau getestet.
Im weiteren Verlauf des Textes werden die Monte-Carlo Programme
die im Rahmen dieser Arbeit zur Simulation der Theorie mit Wilson und
mit staggered Fermionen entwickelt wurden vorgestellt. Die Version mit
Wilson Fermionen wird dazu verwendet zahlreiche universelle Größen für
die Fälle N = 1 und N = 4 und verschiedene Werte der renormierten
Kopplung sehr genau zu berechnen. Diese Ergebnisse können in Zukunft
dazu benutzt werden andere Möglichkeiten der Fermion Diskretisierung zu
testen. Darüber hinaus konnten in dem N = 1-Modell, welches identisch mit
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